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ARTICLE INFO ABSTRACT

Keywords: In this paper, we investigate the asymptotic behavior of the shortest distance between ob-
Ergodic Theory served orbits in two distinct dynamical systems. Given two measure-preserving transformations
Dimension theory (X,T,p) and (X, S,n) and a Lipschitz observation function f, we define

Shortest distance

Random dynamical systems rﬁ’{(x, y) = l_fgnir; : d(f(Tix), f(Siy)).

Fractal dimension
Mixing system Under suitable mixing assumptions, we show that the asymptotic rate of decay of &/ (x,y) is
governed by the symmetric Rényi divergence of the pushforward measures f,u and f,n. Our
results generalize previous work that consider either a single system or the unobserved case. In
addition, we discuss the extension of these results to random dynamical systems and illustrate

the applicability of the approach with an example.

1. Introduction

In recent years, the analysis of the behavior of the shortest distance between orbits in dynamical systems has proven to be an
important tool for understanding the statistical properties of these systems. This type of dynamical analysis is related to classical
problems in information theory, such as the identification of the largest block of coincidence between two symbolic sequences — the
so-called Longest Common Substring problem. Motivated by this framework, which includes the study of patterns in DNA sequences
and random processes, our work aims to expand the understanding of orbit coincidence by connecting concepts from dynamics and
sequence analysis in a more general setting.

The classical study by Arratia and Waterman [1] established fundamental results on sequence matching in the probabilistic
setting, motivated by applications in biology and computer science. This study, which connects the analysis of recurrent patterns
and string matching problems, became a reference for subsequent formulations in the dynamical systems framework.

Following this line, in [2], a generalization of the Longest Common Substring problem to the dynamical systems context was
proposed through the study of the behavior of the shortest distance between two orbits. In this setting, the presence of long
common substrings in symbolic sequences can be reinterpreted in terms of the approximation between trajectories generated by
a transformation.

Results on matching blocks and minimal distance functions have also been obtained for continued fractions [3], conformal
iterated function systems [4] and more general iterated function systems including classical examples such as Liiroth, N-ary
expansions, and the Cantor system [5]. Additionally, the statistical distribution of the closest encounter between observations along
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different trajectories has also been analyzed in rapidly mixing systems, revealing Gumbel-type laws and connections with extremal
indices and matching blocks [6]. Recent algorithmic developments have further extended this classical formulation by allowing gaps
and introducing connections with co-linear chaining techniques in computational biology, as discussed in [7]. From an algorithmic
point of view, dynamic variants of the Longest Common Substring problem have been explored, for example in [8]. Minimal-distance
phenomena have also been investigated in measure-preserving systems, where almost sure orbit closeness under mixing assumptions
has been established [9].

In [10], the authors analyze the asymptotic behavior of the shortest distance between observed orbits in a single dynamical
system, assuming suitable mixing properties for Holder observables. In contrast, the present work extends this analysis to the case
of two distinct systems, requiring the corresponding condition to hold only for Lipschitz observables. Our assumption is therefore
weaker in terms of regularity, leading to results that hold under less restrictive hypotheses. We also note that the mixing framework
considered in [10] and in [2] requires an exponential decay of correlations, given by 8, = a” with 0 < a < 1. In the present work,
however, we allow a stretched exponential rate of the form

0,=a", 0<a<l, 0<a<l,

which is weaker and still provides sufficient control over the dependence between the observed orbits.

Compared with [2], where the shortest distance problem is studied within a single dynamical system and its asymptotic behavior
is governed by the correlation dimension of the invariant measure, here we deal with two distinct measure-preserving dynamical
systems and introduce an observation function f. This leads naturally to a characterization in terms of the symmetric Rényi
divergence between the pushforward measures f,.u and f,5. It is important to notice that working with an observation f allows
us to study the shortest distance between two distinct random dynamical systems. This shows the present framework goes beyond
that of [2], not only in the nature of the systems and the limiting geometric quantity, but also in the level of dependence required
between observations.

Later, in [11], the analysis of the shortest distance problem was extended to the setting of multiple orbits and linked to generalized
fractal dimensions, providing a broader dynamical framework that also encompasses random systems and symbolic sequences.

In the random setting, [12] studied the quenched behavior of the longest common substring and its relation to the Rényi entropy.
Continuing this line of investigation, [13] analyze the shortest distance between orbits in dynamical systems with slow mixing
properties. They show that the decay of this minimal distance still follows a polynomial law in n for several slowly mixing systems,
thereby extending and refining the results of [2]. A key ingredient in their approach is the use of inducing schemes, which allow one
to transfer quantitative estimates obtained for the induced system to the original one. This method yields new classes of examples
where the scaling of orbit proximity can be rigorously established, even in settings where no standard mixing estimates are available.

Subsequently, [14] investigated the shortest distance between orbits in random dynamical systems with strong mixing properties.
While earlier work focused on deterministic dynamics or on the annealed formulation of the problem, these authors analyzed
the more delicate quenched case and showed that the asymptotic behavior is more intricate, involving two distinct correlation
dimensions and exhibiting a non-smooth dependence of the asymptotic exponent.

Recently, in [9,15], the authors analyzed the asymptotic behavior of the shortest distance between orbits in different dynamical
systems, defined by (X, T, ) and (X, S, ), using a compatible metric d.

They showed that, under certain mixing conditions, the quantity

f,(x,y)= min d(T'x,S'y),
iy (x: ) i=0,...,n—1 (T'x. 5%y)
converges, and that its limit is related to the symmetric Rényi divergence of the measures y and ». Motivated by [10,15], we extend
this framework by introducing a measurable observation function f and studying the asymptotic behavior of the shortest distance
between observed orbits in different dynamical systems, defined as

Ay Gy = min_ d(f(T"), £(5"y).

It is worth noting that, in the framework of [10] as in [2], the minimal distance is computed by allowing the two trajectories to be
compared at different time instants, that is, i # j. In the present work, by contrast, the comparison is restricted to matching times.
Because we deal simultaneously with two different dynamical systems and an observation function f, these ingredients already
introduce substantial technical difficulties, and the available tools permit us to treat only the synchronous case.

In this way, we investigate how the asymptotic behavior of the shortest distance between observed orbits is related to the
symmetric Rényi divergence of the pushforward measures f,u and f,5. That is, if the symmetric Rényi divergence C,{ , exists, and
under mixing conditions for both systems (X, 4, T) and (X, #,.S), we deduce that for 4 ® n-almost every (x,y) € X x X,

log iy (x.y) 1

1m .
n—+c0  —logn CI{VI

If f is the identity function, we extend the study of orbit coincidence to the case of two distinct dynamical systems, as presented
in [15], under mixing conditions and for Lipschitz functions. This class of observables is particularly relevant for meaningful
applications.

One can observe that, in comparison with [2,9], where the shortest distance is defined by allowing comparisons at different time
instants and thus yields a limiting exponent equal to 2/dimension, here we work with synchronous (matching-time) comparisons.
As a consequence, the limiting exponent in our setting is 1/dimension.
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The use of the symmetric Rényi divergence in shortest-distance problems was introduced in [16] and later formalized in [17]
as a refinement of earlier notions based on correlation dimension. While the correlation dimension captures averaged geometric
overlap and is commonly used to characterize the fractal structure of an underlying attractor, it does not directly describe the decay
of matching probabilities between observations. In contrast, the symmetric Rényi divergence provides an information-theoretic
characterization of the exponential rate at which such matching probabilities decrease, a distinction that becomes particularly
relevant when shortest-distance problems involve different observations or invariant measures.

The paper is organized as follows. In Section 2, we introduce the main definitions and state our principal results. Section 3 is
devoted to the proofs and technical lemmas. Finally, in Section 4, we extend our results to random dynamical systems and provide
an example that illustrates their practical relevance.

2. Shortest distance between orbits

Let (X,d) be a finite-dimensional metric space and A its Borel c-algebra. Let (X, A, u,T) and (X,.A,n,S) be two measure-
preserving dynamical systems, and let f : X — Y c R” be a measurable function, called the observation. We aim to study the
behavior of the shortest distance between two different observed orbits:

MGy = _min_ d(f(T"x). £(S'Y)).

We will show that the asymptotic behavior of ﬁ,{ as n — oo is related to the symmetric Rényi divergence (defined below) of the
pushforward measures f,u and f,5. Recall that the pushforward measure f,u is given by f,u(-) := u(f~'(-).

Definition 1. Let (X, A, u,T) and (X, A,7,.S) be measure-preserving systems. We define the lower and upper symmetric Rényi
divergence of the measures y and 7 as

lo B(x,r)) dn(x _ 1o B(x, r) dn(x
C —limint PELHBENAD) e ep 8L HBG ) dne)
—u.n r—0 log r Hin 0 10g -

For simplicity, we denote the lower and upper symmetric Rényi divergence of the pushforward measures f,u and f,.n by

o= = _=
gm - gf*ﬂ,fm and Cu,ﬂ - Cf*uvf*rr

When the liminf and limsup coincide, we simply write C){ , for the common value. Observe that C,, = C, ,, which motivates the
terminology symmetric.
o

Our first result shows that for sufficiently large n, 4/ cannot decay faster than n~!/Sua:

Theorem 2. Let (X, A, u,T)and (X, A,n,.S) be two measure-preserving systems. Consider an observation f : X — Y such that QI{ 0> 0.
Then, for u ® n-almost every (x,y) € X X X, we have

— log i} (x,y) 1
lim ————— _—
n—+co  —logn C,{

Proving the equality is more delicate and less straightforward. Obtaining a matching lower bound requires two additional
assumptions, which are not needed for the upper bound.

The first one, (H1), is a mixing-type condition formulated in terms of decay of correlations for Lipschitz observables under the
dynamics of both systems (X, u,T) and (X, #,.S). It ensures that statistical dependencies between observations decay sufficiently fast
in time:

(H1) There exist constants 0 < a < 1 and « > 0 such that, for all v, ¢ € Lip(X,R) and all n € N*, we have

| [wesaran- [ vau [ Bdn] < Wiy 19110
X X X

and

|/ W(X)¢(S"X)dn—/vrdn/¢dn|SI|WIILip||¢|Iup9n,
X X X

where 6, = a™.

The second one, (H2), is a regularity condition on the pushforward measure f,u, which controls the measure of annuli in terms
of their radii and thicknesses:

(H2) There exist r, > 0, ¢ > 0 and g > 1 such that for f, u-almost every y €Y and any r, > r > p >0,

fot(B(y.r+ p\B(y.r — p)) < r7p".

Since the problem under consideration is symmetric in the two systems (X, u,T) and (Y,#,S), it suffices to require the annuli
regularity condition for only one of the measures.
Now we can state our main result.



V. Barros and A. Coutinho Chaos, Solitons and Fractals 206 (2026) 117933

Theorem 3. Let (X, A,u,T) and (X, A,n,S) be two measure-preserving systems satisfying (H1) and (H2). Suppose that f is a Lipschitz
observation such that C,{ , exists and is strictly positive. Then, for u ® n-almost every (x,y) € X X X, we have

logiiy (x.y) 1

m .
n—+c0  —logn C;{rl

3. Proofs of the main results

Proof of Theorem 2. For € > 0, define
K = logn +loglogn

n s
c/ —¢
=

and r, =ekn,

Foreachi=0,...,n—1, set
AL ) =T [ B S ). 1))

and define the counting function

n—-1
0/ (x.y) = Z(; L7 ()
By construction,
0/ (x,y) 2 1 & d(f(T'x), f(S'y)) < r, for some i.
Since r?z{ (x,y) is the minimum of these distances, we get
{G,y) il (e y) <r} ={(x) 1 QL (x,») 2 1}.
Using Markov’s inequality, we obtain
u®n((x,y) : ml(x,y) <r,) <EQ)). (€8]
Let
B, = {(x.y) : A} (x,3) <ry).
Our goal is to show that there exists a suitable subsequence (n,), for which

Y u®n(B,,) < +. @
3

We now fix
ny=[e"], ¢€N,

and we shall verify later that this choice indeed satisfies (2). Assuming for the moment that this is true, the Borel-Cantelli Lemma
implies that for 4 ® n-almost every (x,y) € X x X, for all Z sufficiently large,

~
m, (X, y) 21y,

which is equivalent to
~f
logm,,f(x, y) < 1

—logn, g,{”—e.

3

Hence,

~f
_—lOg m,,f(x, y) < 1

lim .
¢—w  —logn, ~ c/ —¢
=Hn A
To extend the last estimate to the whole sequence, note that for every n there exists # such that ¢/ < n < ¢/*!, and since (m{ M
is decreasing,

IOg’ﬁﬁf(X, ¥) < log A/ (x, y) < lOg’ﬁgﬁl(X, y)
—logng; ~— —logn ~—  —logn,

logny
logng

Taking upper limits, using lim,_, ., =1 and inequality (3) we get

~ ~f
— logii (x, —log,, (x,y)
Tim —22 (x.y) = lim i < L

i .
- —logn ‘- —logn “of -
n—eo g ® gy QM €

and the theorem is proved since ¢ is arbitrary.
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It remains to prove inequality (2) for n, = [’ 2]. By inequality (1), it suffices to estimate IE(Q,f, ). Using Fubini’s theorem and the
invariance of y under T and # under .S, we conclude that

n—1
EQ)) = // 2Lt Ddu @ n(x. )
i=0

n—1
3 / w (T £V B (ST ) ,) dny)

n/ fobt (B(z,1,)) d(f,m)(2).

From the definitions of the lower symmetric Rényi divergence and of k,, we obtain for large » that
g
1

€

H®n(B,) < nr,,g’“’_ =

“ logn’
Finally, we replace n, = [e’ 2], and get
1 1
B, )< <1
/4®71< ")~ logn, ~ £2

which proves (2). [

We are now ready to prove Theorem 3. We will need the following result, which controls the push-forward measure of balls in
the space of Lipschitz-continuous functions. The proof follows the same strategy as in [10].

While the structure of the argument is similar to the original one, the statement is not identical. Our version is formulated in
terms of Lipschitz continuity rather than Holder regularity.

Lemma 4. Let (X, A, u,T) be a dynamical system with observation f. If it satisfies condition (H2), then there exist constants 0 < ry < 1,
¢ >0, and { > 0 such that for any 0 < r < r, the function

vyt x e fuu(B(f(x).r))
belongs to Lip(X,R), and

lwillLp < er™®

Proof of Theorem 3. First, note that it is sufficient to prove the following inequality:

log 1} (x, y) o1

lim > — .
noteo  —logn rod
4,
For € > 0, define o
ky = — ! (logn+bloglogn) and r,=e kn,

C i +e
where b will be chosen appropriately later in the proof.
Our goal now is to estimate

p®n (G, il y) 2r,),
and then apply the Borel-Cantelli Lemma, as we did in the proof of Theorem 2. Proceeding similarly to that proof, and applying
Chebyshev’s inequality, we obtain

u®n((e.y) Ay >r,) <u®n((xy :0/(x,y) =0)

var(Q})

<u®n () 10](x,y) —E@)] 2 [EQ])]) £ —".
EQ]

(€))

where Q'ﬂf is given by

n—1
Of(x.y)= D\ 1, s, ),
i=0 !
and
AL ) =T B (S ). 1))

Thus, we need to control the variance of Q{ . First of all, we have

n

2()(//]1,1{]1%—//]1/‘{//]1/"‘{) )

ii’

n—1
var(Q)) = 3 Cov(l . 1,/) =

i,i'=0
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n—1
. v
= Z // L1 Bty TOL 1 g sty @) di @ (. )

i,i’=0

- E(Q/)?,

since Y770 [/ 1,7 (x.y)du ® n(x.y) = B(Q}).

We next focus on estimating the double sum in (5). Because the indicator function is not Lipschitz continuous, our hypothesis
(H1) does not apply directly. However, we can approximate the indicator function by a sequence of Lipschitz functions. We now
proceed to construct such a sequence (see, e.g., [18]).

Let fy, [0, 00) — R be defined by:

1, ifo<t<r,
t—r, .
n )=31- , ifr,<t <+ pr,
" pry

0, ift >+ p)r,,

where p > 0 will be defined later.
Note that #, isa p%-Lipschitz function, and satisfies the inequality:
n n
Lior,) <1, < Logepr,): (6)

Given z € Y, define ¢, Y >R by @z, () =1, (d(z,%)). Since f is Lipschitz, it follows that ¢ oy © 18
L-Lipschitz
Pry
for any x € X, where L denotes the minimal Lipschitz constant of f.
Moreover from inequality (6), we have

Lyt gty @ = Lo @AFSTD) FGD) < @ sty (). @
We will consider two different cases. Let us fix g = g(n) := log(n") for some y > 0 to be chosen later.

Case 1: |i —i’| > g. From the mixing property and inequality (7), we obtain:
// L1 5t T Lyt g sty (T ) d i @ (X, 3)
- // Lt arcsman T 1ot pest (0 A1 ® ), )
< //(Pf(Siy),rn(f(Ti_i’x)) @ sty r, SN A @ m)(x, y).
Using Hypothesis (H1) and inequality (6) we obtain:
// L1 sty T - Lyt gty T ) d i @ m)(x. )

< / ( / @ sy, ST ) dp(x) - / @ st o, ) d”(")> dn(y)
+ Hg : ||(pf(Siy),rn of“Lip : ll(pf(Si/y),r,, oJ““Lip
< / ( / Lo (14 g 1 @AF (ST FA %) dpa(x) - / 11[0,<1+p),n]<d(f<sf’y>,f(x)))du(x)) dn(y)

LZ
+—=0,.
P2t
Note that here (H1) was applied with 6),_y|, which is bounded by 6,. This type of replacement will appear again later in the
proof.

Moreover, using the mixing property together with (7), we obtain:
N o
// Lytarsinry) T Lt pp st gy T X) A1 @ M), )

< / < / L1 B(sip (14pyry ) dH(X) - / lf-lB(f(Si’yx(lmr,,)(x)d”(x)) dn(y)

+=—0
4
prr2

. o 2
= / Fon(BU(S').(1+ p)r) - Fun(BU(S' ).(1+ o) dn(y) + =6, ®
pery
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To estimate the term
/f*ﬂ(B(f(Siy),(l +0)ry) - f*ﬂ(B(f(Si'y),(l +p)r,)) dn(y),
we begin by considering the difference
[ £n(BUS .4 o) - LB .01+ ) dn)
= [ LB ) - £(BACS .0) )
and then add and subtract an intermediate term to control the measure of the corresponding annuli:
/f*ﬂ(B(f(Siy),(l +p)ry)) 'f*H(B(f(Si/y),(l +p)ry)) dn(y)
- /f*ﬂ(B(f(Siy), ) ~f*;4(B(f(Si/y), ) dn(y)
< /f*ﬂ(B(f(SiY),(l +p)r,) - [f*M(B(f(Si/Y),(l +pry) = f*ﬂ(B(f(SiIY), rn))] dn(y)
+ /f*#(B(f(Si,Y),fn)) [fen(BU (S ), (L4 p)r) = fun(BU (S, 7)) dn(y).
Note that, for every z € Y, we have
Fon(BG. (1 + o)) = fon(BGr) < fun(BGr, + 9\ Br, = p).
Hence, by hypothesis (H2) we obtain:
/f*#(B(f(SiY),(l +p)r,)) ‘f*ﬂ(B(f(Si,Y),(l +p)r,)) dn(y)
= [ Fan(BUS) - F(BUS ) dn)
<l / [f*M(B(f(S‘y), (1+p)r,)) + fun(BU(S" . rn))] dn(y).
Using the invariance of n under S, if p is sufficiently small we have
/ Fon(BU (S, +pry) - fun(BU(S" ). (1+ p)r)) dn(y)
- /f*M(B(f(Siy), ) 'f*ld(B(f(Si’y), ry)) dn(y)
<ot / Fon(B( (), 2r,)) dn(y) ©

Therefore, combining inequalities (8) and (9), we deduce

// L1875t T Lot st (T2 A1 @ )X, )

2
< #eg + 2 pf / Fett (B (), 2r,)) dn(y) (10)

+ / Fon(BUS'r) fon( BUS 9or,)) dn(y)

We now estimate
/f*ﬂ(B(f(Siy)arn))f*”(B(f(Si’y)’rn)) dn(y).

Let w(y) = £, y(B( f), r,,)). Using the S-invariance of # and applying the mixing hypothesis (H1) to the function y, we obtain

2
/W(Siy)l//(S”y)dn(y) < (/w(y)dn(y)> + 0, ”W”iip'

Applying Lemma 4 and returning to the original expression in inequality (10), we infer
// ]]‘f_l B(f(siy),rn)(f(Tix)) ]]-f—] B(f(si/y),r")(f(Tﬂx)) d(/'l ® ﬂ)(X, y)

2
< 04 [ 1B .20) dn)

2
+c20, % + </ Fu(BUF), 1) dn(y)) .
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We now set this estimate aside and proceed with the analysis of var(Q,{ ) in Case 2.

Case 2: |i — i'| < g. For this case, the boundedness of the indicator function and the invariance of x under T and of # under S yield:
. i
// L= T o1 sy T ) A @ ), Y)
< // L1 sty (T %) (1 @ n)(x, y)

= / St (B(F(S' ), r,) dn(y) = / Lot (BF ), 1) dn(y).

We are now ready to estimate the double sum in (5). Combining Cases 1 and 2, we arrive at
/ ]lf LB(f(Siy )’n)(T x)]l ~LB(f(S" y)ry )(T x) d(p @ n)(x,y) (11
i,i’=0
< Lp72r 20, + 2n°r, 5 pf / Lot (B(f (). 2r,)) dn(y)

2
+2n 0, + ( / f*/t(B(f(y),r,,))drl(y)> +2ng / Fon(B(f (), r,)) dn(y).

We now proceed to estimate u ® n{(x, y) : rﬁﬁ (x,y) > r,,} using inequality (4). Combining inequalities (5) and (11), and recalling
that

EQ)) = n / Fot (B, ) d(fn)(2),
we obtain
Var(@y) _ L0, + 0, + 2 [ fup(BU ), 2r) dny)
EQ;)? (n [ fuuBUIW).r))dn(»)
L EQD | 2ng [ LuBUODr) ) EQ))
Tmer (n] [uBUD), r) ) E@D?

Our goal now is to estimate each term on the rlght hand side of the inequality above.
We begin with the third term. By the definition of CM » We have that for n large enough,

(12)

C e /f» (fO)ra)) dn(y)</f* (fG).2r,)) dn(y) < 1. 13)

Therefore
2027, pP [ £ u(B(f(3),2r,)) dn(y) Lo
(n/f fm(B(f(y)r))dn<y>)2 B 2<cm+e>

Replacing r, = e™*», with k, as defined at the beginning of this proof, we deduce

—& b
Pt [ FBUD,2r) dnG) 20 C ™ (log my b (g m?.
(n/ fuBUW),r,)) dn(y))
Now we set p = n~% and choose

_2 ¢ ¢
o= B " i (6‘{” +e) * (Ein +e). 4

It follows that

28 o b(2+7 ¢ )
2n°r,"p ff*H(B(f(y),Zrn))dz(y) < 2(logn) e )
(n [ fou(BU W), r,))dn(y))
Next we analyze the first term on the right-hand side of inequality (12). Using again (13), we obtain

(15)

n*L2p72r 20, 2(c "o

=< D20,
(n [ fon (BUF),r)) dn(y))

By substituting the definitions of r, and k,, into the expression above, it follows that

2b
¢ o
< 129720, n(log n)* n*/Cun* (1og ) Cun**

n2L2p—2r;20g

(n [ fou(BUFG)ry) dn))’

Using the definitions g = log(n"), 6, = (a¥)*, and p = n~°

, we obtain

7f2 26+2+7f « 26+2+ 7f2 +ayloga
p_29g W2 nCuate —p Chate . (alog(n7)> —n Clonte
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Since Hypothesis (H1) ensures that « > 0 and loga < 0, and recalling the definition of § given in (14), choosing

2 2
y>a|101ga| % —fé +—f§ +24 72—, (16)
B(C,,+e) C,, +e C,,te
yields
26+2+ — +ayloga <0,
CWI+6

and we conclude that

272,-2,-2¢ zb(lt ! )
n=L=p™7r,“0, _ < 12(log n) ) e . a7
(n [ for (BUG).r) dn(»))

Let us now turn to the second term on the right-hand side of inequality (12). Using again (13) and the definitions of r, and k,, we
obtain

2 2b¢
=/ =/
< 20, n*(log m)* n“wr** (log m) “wr*e .

cZn? Gg r;zg
(n[ fon (B, 1) dn(n)’

By our choice of y in (16), we have

1 2¢

a|logal re ’
wn

Y >

Therefore, we obtain

2,29 72 2b(1+7 £ >
C gl > < c2(logn) Tt . (18)
(n[ fon (BUF3).ry) dn(y)

For the remaining term, we use inequality (13) and the identity

E£'W+£ _ 1
" - n(log n)b’
to get
2 B(f(y).r,) d
ng [ fun(BUFB).r,)) ’1()’)2 < ,zf < 27(og )™, 19)
(n[ (BB, r) dn(y)) Cun*e

nr,

Taking b < —2, and substituting (15), '(ll 7), (18), and (19) into (12), and then recalling inequality (4), we obtain

f
(@) < otogmy™).
E(0))?

n

A

u®n((x,y) Al (x,y)>r,) <
Following the same steps as in the proof of Theorem 2, and using the same subsequence n, = [e’ 2] together with the Borel-Cantelli
argument, we conclude

log ! (x,y)
Jim — o > 1

i —logng E‘{ e
Since
logiif(ey) _ | log ], (x, )
e —logn o, —logn,

the theorem follows, as ¢ may be chosen arbitrarily small. []
4. Shortest distance between orbits for random dynamical systems

Let X c R" and let (L2, B(2),P,9) be a probability measure preserving system, where £ is a metric space and B(£) its Borel
c-algebra. We now introduce the notion of a random dynamical system acting on X over the base (£, B(£2),P,9).

Definition 5. A random dynamical system T = (T,),co On X over (£, B(£2), P, 9) is generated by maps T,, such that (», x) € XX
T, (x) is measurable. The map 7 : 2x X — Q2% X defined by 7 (w, x) = (9(w), T,,(x)) is the dynamics of the random dynamical system
generated by T and is called the skew-product.

We are particularly interested in invariant measures for the skew-product dynamics.
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Definition 6. A probability measure y on the product space Q2 x X is said to be an invariant measure for the random dynamical
system T if it satisfies:

1. u is T-invariant,
2. w,u="P,
where 7 : 2 x X — Q is the canonical projection.

Visually, this relationship can be represented by the following commutative diagram:

(@,%) == (O(@), T,,(x))

0 —— ()

9

In this setting, the probability measure u can be disintegrated over PP (see the Regular Conditional Probability Theorem, [19]):
there exists a family of probability measures y,, depending measurably on w, such that for any bounded function f on X, the
following holds:

/fdﬂ =/ </ f(X)de(X)> dP(w).

Let j(-) = f H,(-) dP(w) denote the second marginal of u.
We now introduce a second family of random maps S = (S,,),cq, defined on the same space X over (2, B(22),P, ). The associated
skew-product is S : 2 x X — Q2 x X, defined by

S(@, x) = (H(), S,,(x)),
and the invariant measure for the random dynamical system S is denoted by . With these notations, let 7(-) = f 7,,(-) dP(w) denote
the second marginal of 7.
Definition 7. We define the shortest distance between two different random orbits as

noo(x,y) = min_d (T,(x), S50))

i=0,..., n—
where, for all w € £, the iterates of T, are the random composition of T,,’s defined as:
0 _ 1_ 2 _

T(u =1d, T(u =T, Ta) - Tl‘}(tH) 0Ty
and more generally,

T(Z = T1 n=1(@) © *** © Tx?(m) ° Tw'

Similarly, S7 are the random compositions of the maps ;.

To obtain a result that links the shortest distance between two different orbits and random dynamical systems we need to assume
a hypothesis on the invariant measure and on the (annealed) decay of correlations of the random dynamical system. Namely,

(a): There exist r, >0, ¢ >0 and g > 1 such that for almost every y € X and any r, > r > p > 0,
A(B(y,r + p\B(y,r — p) <r%p’,

where j is the second marginal of u.
(b): (Annealed decay of correlations) Vn € N*, y, ¢ € Lip(X,R) we have,

/ w (T (x)p(x) d/t(w,x)—/ v dﬁ/ ¢ dﬁ| S wllzipll @l iy
OxX X X

and

| vz an@~ [ v an [ o ar| < iy lo.,0
QxX X X
with 6, = e™".
The following theorem establishes the asymptotic behavior of the minimal distance between two random orbits when the random

dynamical systems satisfy the regularity and decay conditions stated above.

Theorem 8. Let T and S be two random dynamical systems on a common space X, defined over (2, B(22),P,9) and (2, B(2), P, 9),
respectively. Let y and n be invariant measures under the respective random dynamical systems T and S such that C__ > 0. Then for
u ® n-almost every (w,x,®,%) € 2 X X X 2 X X, if the random dynamical system satisfies assumptions (a) and (b), and if C; 5 exists, then
logiy (%) 1
lim ——— = —_
n—co  —logn C

10
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Proof. We follow the approach proposed in [20]. The proof of this theorem relies on Theorems 2 and 3, applied to the dynamical
systems (2 x X, B(2 X X),u,7) and (2 X X, B(22 x X),n,S), together with the observation function f defined as

fi12XX > X, (w,x)P x.

With this observation, for all z,r € 2 x X, we can relate the shortest distance between two different observed orbits to the
shortest distance between two different random orbits. Let z = (w, x) and # = (®, X). Then,

ml (z,1) (7 (T@,), 1 ($'@.9)))

I

(=]
E.
=

1]
g
=]
—‘/—\
=
—
N
e
=
=
2
>
=
&
=
=

I
3
e
&
~
O
=
)

Moreover, we can identify the pushforward measures as f,u = i and f,n = 7. Therefore, in view of the definition of the symmetric
Rényi divergence, we obtain

¢, =Caus
This completes the proof. []

We will present an example of a random dynamical system for which we can apply the previous statement.

Example (Non-i.i.d. Random Dynamical System). Let 2 = [0,1] and X = T' denote the one-dimensional torus, both endowed with
the Lebesgue measure.
We consider two measurable maps

0:Q2-Q and 6:Q2-Q

defined by
) 3@, if @ € [0,1/3),
2w, if w € [0,1/2), i .
0(w) = . 0(@) =430 -1, if®e(l/3,2/3),
20—1, ifwe(l/2,1], .
30 -2, ifoel2/3,1].
For each w,® € Q, we define the linear maps on X

T,: X - X, x~2x, Sz X=X, xm3x,

both preserving the Lebesgue measure on T!.
The corresponding random dynamical systems are described by the skew products
T:02xX - 2xX,
(@,x) = (0(w), T, (x)),

and

S:02xXxX - QxX,
(@, %) = B(@®), Sp(x)).
Both 7 and S are Leb ® Leb-invariant, where Leb denotes the Lebesgue measure.
It is straightforward to verify that the Lebesgue measure satisfies condition (a). Moreover, by [21], the skew products 7 and S
exhibit exponential decay of correlations. Since in this example C;; ; = 1 with ji = 7j = Leb, Theorem 8 implies that for Leb®*-almost
every (w,x,®,%) € [0, 1] x T! x [0,1] x T',

_ log %P (x, %)
Iim —— =1
n—oo - ]()g n
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