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 A B S T R A C T

In this paper, we investigate the asymptotic behavior of the shortest distance between ob-
served orbits in two distinct dynamical systems. Given two measure-preserving transformations 
(𝑋, 𝑇 , 𝜇) and (𝑋,𝑆, 𝜂) and a Lipschitz observation function 𝑓 , we define

𝑚̂𝑓𝑛 (𝑥, 𝑦) = min
𝑖=0,…,𝑛−1

𝑑
(

𝑓 (𝑇 𝑖𝑥), 𝑓 (𝑆 𝑖𝑦)
)

.

Under suitable mixing assumptions, we show that the asymptotic rate of decay of 𝑚̂𝑓𝑛 (𝑥, 𝑦) is 
governed by the symmetric Rényi divergence of the pushforward measures 𝑓∗𝜇 and 𝑓∗𝜂. Our 
results generalize previous work that consider either a single system or the unobserved case. In 
addition, we discuss the extension of these results to random dynamical systems and illustrate 
the applicability of the approach with an example.

1. Introduction

In recent years, the analysis of the behavior of the shortest distance between orbits in dynamical systems has proven to be an 
important tool for understanding the statistical properties of these systems. This type of dynamical analysis is related to classical 
problems in information theory, such as the identification of the largest block of coincidence between two symbolic sequences — the 
so-called Longest Common Substring problem. Motivated by this framework, which includes the study of patterns in DNA sequences 
and random processes, our work aims to expand the understanding of orbit coincidence by connecting concepts from dynamics and 
sequence analysis in a more general setting.

The classical study by Arratia and Waterman [1] established fundamental results on sequence matching in the probabilistic 
setting, motivated by applications in biology and computer science. This study, which connects the analysis of recurrent patterns 
and string matching problems, became a reference for subsequent formulations in the dynamical systems framework.

Following this line, in [2], a generalization of the Longest Common Substring problem to the dynamical systems context was 
proposed through the study of the behavior of the shortest distance between two orbits. In this setting, the presence of long 
common substrings in symbolic sequences can be reinterpreted in terms of the approximation between trajectories generated by 
a transformation.

Results on matching blocks and minimal distance functions have also been obtained for continued fractions [3], conformal 
iterated function systems [4] and more general iterated function systems including classical examples such as Lüroth, 𝑁-ary 
expansions, and the Cantor system [5]. Additionally, the statistical distribution of the closest encounter between observations along 
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different trajectories has also been analyzed in rapidly mixing systems, revealing Gumbel-type laws and connections with extremal 
indices and matching blocks [6]. Recent algorithmic developments have further extended this classical formulation by allowing gaps 
and introducing connections with co-linear chaining techniques in computational biology, as discussed in [7]. From an algorithmic 
point of view, dynamic variants of the Longest Common Substring problem have been explored, for example in [8]. Minimal-distance 
phenomena have also been investigated in measure-preserving systems, where almost sure orbit closeness under mixing assumptions 
has been established [9].

In [10], the authors analyze the asymptotic behavior of the shortest distance between observed orbits in a single dynamical 
system, assuming suitable mixing properties for Hölder observables. In contrast, the present work extends this analysis to the case 
of two distinct systems, requiring the corresponding condition to hold only for Lipschitz observables. Our assumption is therefore 
weaker in terms of regularity, leading to results that hold under less restrictive hypotheses. We also note that the mixing framework 
considered in [10] and in [2] requires an exponential decay of correlations, given by 𝜃𝑛 = 𝑎 𝑛 with 0 ≤ 𝑎 < 1. In the present work, 
however, we allow a stretched exponential rate of the form

𝜃𝑛 = 𝑎 𝑛
𝛼
, 0 ≤ 𝑎 < 1, 0 < 𝛼 < 1,

which is weaker and still provides sufficient control over the dependence between the observed orbits.
Compared with [2], where the shortest distance problem is studied within a single dynamical system and its asymptotic behavior 

is governed by the correlation dimension of the invariant measure, here we deal with two distinct measure-preserving dynamical 
systems and introduce an observation function 𝑓 . This leads naturally to a characterization in terms of the symmetric Rényi 
divergence between the pushforward measures 𝑓∗𝜇 and 𝑓∗𝜂. It is important to notice that working with an observation 𝑓 allows 
us to study the shortest distance between two distinct random dynamical systems. This shows the present framework goes beyond 
that of [2], not only in the nature of the systems and the limiting geometric quantity, but also in the level of dependence required 
between observations.

Later, in [11], the analysis of the shortest distance problem was extended to the setting of multiple orbits and linked to generalized 
fractal dimensions, providing a broader dynamical framework that also encompasses random systems and symbolic sequences.

In the random setting, [12] studied the quenched behavior of the longest common substring and its relation to the Rényi entropy. 
Continuing this line of investigation, [13] analyze the shortest distance between orbits in dynamical systems with slow mixing 
properties. They show that the decay of this minimal distance still follows a polynomial law in 𝑛 for several slowly mixing systems, 
thereby extending and refining the results of [2]. A key ingredient in their approach is the use of inducing schemes, which allow one 
to transfer quantitative estimates obtained for the induced system to the original one. This method yields new classes of examples 
where the scaling of orbit proximity can be rigorously established, even in settings where no standard mixing estimates are available.

Subsequently, [14] investigated the shortest distance between orbits in random dynamical systems with strong mixing properties. 
While earlier work focused on deterministic dynamics or on the annealed formulation of the problem, these authors analyzed 
the more delicate quenched case and showed that the asymptotic behavior is more intricate, involving two distinct correlation 
dimensions and exhibiting a non-smooth dependence of the asymptotic exponent.

Recently, in [9,15], the authors analyzed the asymptotic behavior of the shortest distance between orbits in different dynamical 
systems, defined by (𝑋, 𝑇 , 𝜇) and (𝑋,𝑆, 𝜂), using a compatible metric 𝑑.

They showed that, under certain mixing conditions, the quantity
𝑚̂𝑛(𝑥, 𝑦) = min

𝑖=0,…,𝑛−1
𝑑
(

𝑇 𝑖𝑥, 𝑆 𝑖𝑦
)

,

converges, and that its limit is related to the symmetric Rényi divergence of the measures 𝜇 and 𝜂. Motivated by [10,15], we extend 
this framework by introducing a measurable observation function 𝑓 and studying the asymptotic behavior of the shortest distance 
between observed orbits in different dynamical systems, defined as

𝑚̂𝑓𝑛 (𝑥, 𝑦) = min
𝑖=0,…,𝑛−1

𝑑
(

𝑓 (𝑇 𝑖𝑥), 𝑓 (𝑆𝑖𝑦)
)

.

It is worth noting that, in the framework of [10]  as in [2], the minimal distance is computed by allowing the two trajectories to be 
compared at different time instants, that is, 𝑖 ≠ 𝑗. In the present work, by contrast, the comparison is restricted to matching times. 
Because we deal simultaneously with two different dynamical systems and an observation function 𝑓 , these ingredients already 
introduce substantial technical difficulties, and the available tools permit us to treat only the synchronous case.

In this way, we investigate how the asymptotic behavior of the shortest distance between observed orbits is related to the 
symmetric Rényi divergence of the pushforward measures 𝑓∗𝜇 and 𝑓∗𝜂. That is, if the symmetric Rényi divergence 𝐶𝑓𝜇,𝜂 exists, and 
under mixing conditions for both systems (𝑋, 𝜇, 𝑇 ) and (𝑋, 𝜂, 𝑆), we deduce that for 𝜇 ⊗ 𝜂-almost every (𝑥, 𝑦) ∈ 𝑋 ×𝑋,

lim
𝑛→+∞

log 𝑚̂𝑓𝑛 (𝑥, 𝑦)
− log 𝑛

= 1
𝐶𝑓𝜇,𝜂

.

If 𝑓 is the identity function, we extend the study of orbit coincidence to the case of two distinct dynamical systems, as presented 
in [15], under mixing conditions and for Lipschitz functions. This class of observables is particularly relevant for meaningful 
applications.

One can observe that, in comparison with [2,9], where the shortest distance is defined by allowing comparisons at different time 
instants and thus yields a limiting exponent equal to 2∕dimension, here we work with synchronous (matching-time) comparisons. 
As a consequence, the limiting exponent in our setting is 1∕dimension.
2 
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The use of the symmetric Rényi divergence in shortest-distance problems was introduced in [16] and later formalized in [17] 
as a refinement of earlier notions based on correlation dimension. While the correlation dimension captures averaged geometric 
overlap and is commonly used to characterize the fractal structure of an underlying attractor, it does not directly describe the decay 
of matching probabilities between observations. In contrast, the symmetric Rényi divergence provides an information-theoretic 
characterization of the exponential rate at which such matching probabilities decrease, a distinction that becomes particularly 
relevant when shortest-distance problems involve different observations or invariant measures.

The paper is organized as follows. In Section 2, we introduce the main definitions and state our principal results. Section 3 is 
devoted to the proofs and technical lemmas. Finally, in Section 4, we extend our results to random dynamical systems and provide 
an example that illustrates their practical relevance.

2. Shortest distance between orbits

Let (𝑋, 𝑑) be a finite-dimensional metric space and  its Borel 𝜎-algebra. Let (𝑋,, 𝜇, 𝑇 ) and (𝑋,, 𝜂, 𝑆) be two measure-
preserving dynamical systems, and let 𝑓 ∶ 𝑋 → 𝑌 ⊂ R𝑛 be a measurable function, called the observation. We aim to study the 
behavior of the shortest distance between two different observed orbits:

𝑚̂𝑓𝑛 (𝑥, 𝑦) = min
𝑖=0,…,𝑛−1

𝑑(𝑓 (𝑇 𝑖𝑥), 𝑓 (𝑆𝑖𝑦)).

We will show that the asymptotic behavior of 𝑚̂𝑓𝑛  as 𝑛 → ∞ is related to the symmetric Rényi divergence (defined below) of the 
pushforward measures 𝑓∗𝜇 and 𝑓∗𝜂. Recall that the pushforward measure 𝑓∗𝜇 is given by 𝑓∗𝜇(⋅) ∶= 𝜇(𝑓−1(⋅)).

Definition 1.  Let (𝑋,, 𝜇, 𝑇 ) and (𝑋,, 𝜂, 𝑆) be measure-preserving systems. We define the lower and upper symmetric Rényi 
divergence of the measures 𝜇 and 𝜂 as

𝐶𝜇,𝜂 = lim inf
𝑟→0

log ∫𝑋 𝜇(𝐵(𝑥, 𝑟)) 𝑑𝜂(𝑥)
log 𝑟

and 𝐶𝜇,𝜂 = lim sup
𝑟→0

log ∫𝑋 𝜇(𝐵(𝑥, 𝑟)) 𝑑𝜂(𝑥)
log 𝑟

.

For simplicity, we denote the lower and upper symmetric Rényi divergence of the pushforward measures 𝑓∗𝜇 and 𝑓∗𝜂 by

𝐶𝑓𝜇,𝜂 = 𝐶𝑓∗𝜇,𝑓∗𝜂 and 𝐶
𝑓
𝜇,𝜂 = 𝐶𝑓∗𝜇,𝑓∗𝜂 .

When the lim inf and lim sup coincide, we simply write 𝐶𝑓𝜇,𝜂 for the common value. Observe that 𝐶𝜇,𝜂 = 𝐶𝜂,𝜇 , which motivates the 
terminology symmetric.

Our first result shows that for sufficiently large 𝑛, 𝑚̂𝑓  cannot decay faster than 𝑛−1∕𝐶𝑓𝜇,𝜂 :

Theorem 2.  Let (𝑋,, 𝜇, 𝑇 ) and (𝑋,, 𝜂, 𝑆) be two measure-preserving systems. Consider an observation 𝑓 ∶ 𝑋 → 𝑌  such that 𝐶𝑓𝜇,𝜂 > 0. 
Then, for 𝜇 ⊗ 𝜂-almost every (𝑥, 𝑦) ∈ 𝑋 ×𝑋, we have

lim
𝑛→+∞

log 𝑚̂𝑓𝑛 (𝑥, 𝑦)
− log 𝑛

≤ 1
𝐶𝑓𝜇,𝜂

.

Proving the equality is more delicate and less straightforward. Obtaining a matching lower bound requires two additional 
assumptions, which are not needed for the upper bound.

The first one, (H1), is a mixing-type condition formulated in terms of decay of correlations for Lipschitz observables under the 
dynamics of both systems (𝑋, 𝜇, 𝑇 ) and (𝑋, 𝜂, 𝑆). It ensures that statistical dependencies between observations decay sufficiently fast 
in time:

(H1) There exist constants 0 ≤ 𝑎 < 1 and 𝛼 > 0 such that, for all 𝜓, 𝜙 ∈ Lip(𝑋,R) and all 𝑛 ∈ N∗, we have
|

|

|

|

∫𝑋
𝜓(𝑥)𝜙(𝑇 𝑛𝑥) 𝑑𝜇 − ∫𝑋

𝜓 𝑑𝜇 ∫𝑋
𝜙𝑑𝜇

|

|

|

|

≤ ‖𝜓‖Lip ‖𝜙‖Lip 𝜃𝑛,

and
|

|

|

|

∫𝑋
𝜓(𝑥)𝜙(𝑆𝑛𝑥) 𝑑𝜂 − ∫𝑋

𝜓 𝑑𝜂 ∫𝑋
𝜙𝑑𝜂

|

|

|

|

≤ ‖𝜓‖Lip ‖𝜙‖Lip 𝜃𝑛,

where 𝜃𝑛 = 𝑎𝑛𝛼 .
The second one, (H2), is a regularity condition on the pushforward measure 𝑓∗𝜇, which controls the measure of annuli in terms 

of their radii and thicknesses:
(H2) There exist 𝑟0 > 0, 𝜉 ≥ 0 and 𝛽 ≥ 1 such that for 𝑓∗𝜇-almost every 𝑦 ∈ 𝑌  and any 𝑟0 > 𝑟 > 𝜌 > 0,

𝑓∗𝜇(𝐵(𝑦, 𝑟 + 𝜌)∖𝐵(𝑦, 𝑟 − 𝜌)) ≤ 𝑟−𝜉𝜌𝛽 .

Since the problem under consideration is symmetric in the two systems (𝑋, 𝜇, 𝑇 ) and (𝑌 , 𝜂, 𝑆), it suffices to require the annuli 
regularity condition for only one of the measures.

Now we can state our main result.
3 
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Theorem 3.  Let (𝑋,, 𝜇, 𝑇 ) and (𝑋,, 𝜂, 𝑆) be two measure-preserving systems satisfying (H1) and (H2). Suppose that 𝑓 is a Lipschitz 
observation such that 𝐶𝑓𝜇,𝜂 exists and is strictly positive. Then, for 𝜇 ⊗ 𝜂-almost every (𝑥, 𝑦) ∈ 𝑋 ×𝑋, we have

lim
𝑛→+∞

log 𝑚̂𝑓𝑛 (𝑥, 𝑦)
− log 𝑛

= 1
𝐶𝑓𝜇,𝜂

.

3. Proofs of the main results

Proof of Theorem  2.  For 𝜖 > 0, define

𝑘𝑛 =
log 𝑛 + log log 𝑛

𝐶𝑓𝜇,𝜂 − 𝜖
, and 𝑟𝑛 = 𝑒−𝑘𝑛 .

For each 𝑖 = 0,… , 𝑛 − 1, set
𝐴𝑓𝑖 (𝑦) = 𝑇 −𝑖[𝑓−1(𝐵(𝑓 (𝑆𝑖𝑦), 𝑟𝑛))

]

,

and define the counting function

𝑄𝑓𝑛 (𝑥, 𝑦) =
𝑛−1
∑

𝑖=0
1𝐴𝑓𝑖 (𝑦)

(𝑥).

By construction,
𝑄𝑓𝑛 (𝑥, 𝑦) ≥ 1 ⇔ 𝑑

(

𝑓 (𝑇 𝑖𝑥), 𝑓 (𝑆 𝑖𝑦)
)

< 𝑟𝑛 for some 𝑖.
Since 𝑚̂𝑓𝑛 (𝑥, 𝑦) is the minimum of these distances, we get

{(𝑥, 𝑦) ∶ 𝑚̂𝑓𝑛 (𝑥, 𝑦) < 𝑟𝑛} = {(𝑥, 𝑦) ∶ 𝑄𝑓𝑛 (𝑥, 𝑦) ≥ 1}.

Using Markov’s inequality, we obtain 
𝜇 ⊗ 𝜂

(

(𝑥, 𝑦) ∶ 𝑚̂𝑓𝑛 (𝑥, 𝑦) < 𝑟𝑛
)

≤ E(𝑄𝑓𝑛 ). (1)

Let

𝐵𝑛 = {(𝑥, 𝑦) ∶ 𝑚̂𝑓𝑛 (𝑥, 𝑦) < 𝑟𝑛}.

Our goal is to show that there exists a suitable subsequence (𝑛𝓁)𝓁 for which 
∑

𝓁

𝜇 ⊗ 𝜂(𝐵𝑛𝓁 ) < +∞. (2)

We now fix
𝑛𝓁 = ⌈𝑒𝓁

2
⌉, 𝓁 ∈ N,

and we shall verify later that this choice indeed satisfies (2). Assuming for the moment that this is true, the Borel–Cantelli Lemma 
implies that for 𝜇 ⊗ 𝜂-almost every (𝑥, 𝑦) ∈ 𝑋 ×𝑋, for all 𝓁 sufficiently large,

𝑚̂𝑓𝑛𝓁 (𝑥, 𝑦) ≥ 𝑟𝑛𝓁 ,

which is equivalent to 
log 𝑚̂𝑓𝑛𝓁 (𝑥, 𝑦)
− log 𝑛𝓁

≤ 1
𝐶𝑓𝜇,𝜂 − 𝜖

. (3)

Hence,

lim
𝓁→∞

log 𝑚̂𝑓𝑛𝓁 (𝑥, 𝑦)
− log 𝑛𝓁

≤ 1
𝐶𝑓𝜇,𝜂 − 𝜖

.

To extend the last estimate to the whole sequence, note that for every 𝑛 there exists 𝓁 such that 𝑒𝓁 ≤ 𝑛 ≤ 𝑒𝓁+1, and since (𝑚̂𝑓𝑛 )𝑛
is decreasing,

log 𝑚̂𝑓𝑛𝓁 (𝑥, 𝑦)
− log 𝑛𝓁+1

≤
log 𝑚̂𝑓𝑛 (𝑥, 𝑦)

− log 𝑛
≤

log 𝑚̂𝑓𝑛𝓁+1 (𝑥, 𝑦)
− log 𝑛𝓁

.

Taking upper limits, using lim𝓁→∞
log 𝑛𝓁
log 𝑛𝓁+1

= 1 and inequality (3) we get

lim
𝑛→∞

log 𝑚̂𝑓𝑛 (𝑥, 𝑦)
− log 𝑛

= lim
𝓁→∞

log 𝑚̂𝑓𝑛𝓁 (𝑥, 𝑦)
− log 𝑛𝓁

≤ 1
𝐶𝑓𝜇,𝜂 − 𝜖

.

and the theorem is proved since 𝜀 is arbitrary.
4 
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It remains to prove inequality (2) for 𝑛𝓁 = ⌈𝑒𝓁2⌉. By inequality (1), it suffices to estimate E(𝑄𝑓𝑛 ). Using Fubini’s theorem and the 
invariance of 𝜇 under 𝑇  and 𝜂 under 𝑆, we conclude that

E(𝑄𝑓𝑛 ) = ∬

𝑛−1
∑

𝑖=0
1𝐴𝑓𝑖 (𝑦)

(𝑥)𝑑𝜇 ⊗ 𝜂(𝑥, 𝑦)

=
𝑛−1
∑

𝑖=0
∫ 𝜇

(

𝑇 −𝑖𝑓−1𝐵(𝑓 (𝑆𝑖𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)

= 𝑛∫ 𝑓∗𝜇
(

𝐵(𝑧, 𝑟𝑛)
)

𝑑(𝑓∗𝜂)(𝑧).

From the definitions of the lower symmetric Rényi divergence and of 𝑘𝑛, we obtain for large 𝑛 that

𝜇 ⊗ 𝜂
(

𝐵𝑛
)

≤ 𝑛𝑟
𝐶𝑓𝜇,𝜂−𝜖
𝑛 = 1

log 𝑛
.

Finally, we replace 𝑛𝓁 = ⌈𝑒𝓁2⌉, and get

𝜇 ⊗ 𝜂
(

𝐵𝑛𝓁
)

≤ 1
log 𝑛𝓁

≤ 1
𝓁2
,

which proves (2). □

We are now ready to prove Theorem  3. We will need the following result, which controls the push-forward measure of balls in 
the space of Lipschitz-continuous functions. The proof follows the same strategy as in [10].

While the structure of the argument is similar to the original one, the statement is not identical. Our version is formulated in 
terms of Lipschitz continuity rather than Hölder regularity.

Lemma 4.  Let (𝑋,, 𝜇, 𝑇 ) be a dynamical system with observation 𝑓 . If it satisfies condition (𝐻2), then there exist constants 0 < 𝑟0 < 1, 
𝑐 ≥ 0, and 𝜁 ≥ 0 such that for any 0 < 𝑟 < 𝑟0, the function

𝜓1 ∶ 𝑥↦ 𝑓∗𝜇
(

𝐵(𝑓 (𝑥), 𝑟)
)

belongs to Lip(𝑋,R), and
‖𝜓1‖Lip ≤ 𝑐𝑟−𝜁 .

Proof of Theorem  3.  First, note that it is sufficient to prove the following inequality:

lim
𝑛→+∞

log 𝑚̂𝑓𝑛 (𝑥, 𝑦)
− log 𝑛

≥ 1

𝐶
𝑓
𝜇,𝜂

.

For 𝜖 > 0, define

𝑘𝑛 =
1

𝐶
𝑓
𝜇,𝜂 + 𝜖

(log 𝑛 + 𝑏 log log 𝑛) and 𝑟𝑛 = 𝑒−𝑘𝑛 ,

where 𝑏 will be chosen appropriately later in the proof.
Our goal now is to estimate

𝜇 ⊗ 𝜂
(

(𝑥, 𝑦) ∶ 𝑚̂𝑓𝑛 (𝑥, 𝑦) ≥ 𝑟𝑛
)

,

and then apply the Borel–Cantelli Lemma, as we did in the proof of Theorem  2. Proceeding similarly to that proof, and applying 
Chebyshev’s inequality, we obtain

𝜇 ⊗ 𝜂
(

(𝑥, 𝑦) ∶ 𝑚̂𝑓𝑛 (𝑥, 𝑦) ≥ 𝑟𝑛
)

≤ 𝜇 ⊗ 𝜂
(

(𝑥, 𝑦) ∶ 𝑄𝑓𝑛 (𝑥, 𝑦) = 0
)

≤𝜇 ⊗ 𝜂
(

(𝑥, 𝑦) ∶ |𝑄𝑓𝑛 (𝑥, 𝑦) − E(𝑄𝑓𝑛 )| ≥ |E(𝑄𝑓𝑛 )|
)

≤
var(𝑄𝑓𝑛 )

E(𝑄𝑓𝑛 )2
, (4)

where 𝑄𝑓𝑛  is given by

𝑄𝑓𝑛 (𝑥, 𝑦) =
𝑛−1
∑

𝑖=0
1𝐴𝑓𝑖 (𝑦)

(𝑥),

and

𝐴𝑓𝑖 (𝑦) = 𝑇 −𝑖[𝑓−1(𝐵(𝑓 (𝑆𝑖𝑦), 𝑟𝑛))
]

.

Thus, we need to control the variance of 𝑄𝑓𝑛 . First of all, we have

var(𝑄𝑓𝑛 ) =
𝑛−1
∑

Cov(1𝐴𝑓𝑖
,1𝐴𝑓′

) =
𝑛−1
∑

(

∬ 1𝐴𝑓𝑖
1𝐴𝑓′

−∬ 1𝐴𝑓𝑖 ∬
1𝐴𝑓′

)

(5)

𝑖,𝑖′=0 𝑖 𝑖,𝑖′=0 𝑖 𝑖

5 
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=
𝑛−1
∑

𝑖,𝑖′=0
∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇

𝑖𝑥)1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑇
𝑖′𝑥) 𝑑𝜇 ⊗ 𝜂(𝑥, 𝑦)

− E(𝑄𝑓𝑛 )
2,

since ∑𝑛−1
𝑖=0 ∬ 1𝐴𝑓𝑖

(𝑥, 𝑦) 𝑑𝜇 ⊗ 𝜂(𝑥, 𝑦) = E(𝑄𝑓𝑛 ).
We next focus on estimating the double sum in (5). Because the indicator function is not Lipschitz continuous, our hypothesis 

(H1) does not apply directly. However, we can approximate the indicator function by a sequence of Lipschitz functions. We now 
proceed to construct such a sequence (see, e.g., [18]).

Let 𝜂𝑟𝑛 ∶ [0,∞) → R be defined by:

𝜂𝑟𝑛 (𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1, if 0 ≤ 𝑡 ≤ 𝑟𝑛,

1 −
𝑡 − 𝑟𝑛
𝜌𝑟𝑛

, if 𝑟𝑛 < 𝑡 ≤ (1 + 𝜌)𝑟𝑛,

0, if 𝑡 > (1 + 𝜌)𝑟𝑛,

where 𝜌 > 0 will be defined later.
Note that 𝜂𝑟𝑛  is a 

1
𝜌𝑟𝑛
-Lipschitz function, and satisfies the inequality: 

1[0,𝑟𝑛] ≤ 𝜂𝑟𝑛 ≤ 1[0,(1+𝜌)𝑟𝑛]. (6)

Given 𝑧 ∈ 𝑌 , define 𝜑𝑧,𝑟𝑛 ∶ 𝑌 → R by 𝜑𝑧,𝑟𝑛 (𝑥) = 𝜂𝑟𝑛 (𝑑(𝑧, 𝑥)). Since 𝑓 is Lipschitz, it follows that 𝜑𝑓 (𝑦),𝑟𝑛 ◦ 𝑓 is
𝐿
𝜌𝑟𝑛

-Lipschitz

for any 𝑥 ∈ 𝑋, where 𝐿 denotes the minimal Lipschitz constant of 𝑓 .
Moreover from inequality (6), we have 

1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑥) = 1[0,𝑟𝑛](𝑑(𝑓 (𝑆
𝑖𝑦), 𝑓 (𝑥))) ≤ 𝜑𝑓 (𝑆𝑖𝑦),𝑟𝑛 (𝑓 (𝑥)). (7)

We will consider two different cases. Let us fix 𝑔 = 𝑔(𝑛) ∶= log(𝑛𝛾 ) for some 𝛾 > 0 to be chosen later.
Case 1: |𝑖 − 𝑖′| > 𝑔. From the mixing property and inequality (7), we obtain:

∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇
𝑖𝑥) ⋅ 1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑇

𝑖′𝑥) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦)

= ∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇
𝑖−𝑖′𝑥) ⋅ 1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑥) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦)

≤ ∬ 𝜑𝑓 (𝑆𝑖𝑦),𝑟𝑛 (𝑓 (𝑇
𝑖−𝑖′𝑥)) ⋅ 𝜑𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛 (𝑓 (𝑥)) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦).

Using Hypothesis (H1) and inequality (6) we obtain:

∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇
𝑖𝑥) ⋅ 1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑇

𝑖′𝑥) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦)

≤ ∫

(

∫ 𝜑𝑓 (𝑆𝑖𝑦),𝑟𝑛 (𝑓 (𝑇
𝑖−𝑖′𝑥)) 𝑑𝜇(𝑥) ⋅ ∫ 𝜑𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛 (𝑓 (𝑥)) 𝑑𝜇(𝑥)

)

𝑑𝜂(𝑦)

+ 𝜃𝑔 ⋅ ‖𝜑𝑓 (𝑆𝑖𝑦),𝑟𝑛 ◦ 𝑓‖Lip ⋅ ‖𝜑𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛 ◦ 𝑓‖Lip

≤ ∫

(

∫ 1[0,(1+𝜌)𝑟𝑛](𝑑(𝑓 (𝑆
𝑖𝑦), 𝑓 (𝑇 𝑖−𝑖

′
𝑥))) 𝑑𝜇(𝑥) ⋅ ∫ 1[0,(1+𝜌)𝑟𝑛](𝑑(𝑓 (𝑆

𝑖′𝑦), 𝑓 (𝑥))) 𝑑𝜇(𝑥)
)

𝑑𝜂(𝑦)

+ 𝐿2

𝜌2𝑟2𝑛
𝜃𝑔 .

Note that here (H1) was applied with 𝜃
|𝑖−𝑖′|, which is bounded by 𝜃𝑔 . This type of replacement will appear again later in the 

proof.
Moreover, using the mixing property together with (7), we obtain:

∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇
𝑖𝑥) ⋅ 1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑇

𝑖′𝑥) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦)

≤ ∫

(

∫ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),(1+𝜌)𝑟𝑛)(𝑥) 𝑑𝜇(𝑥) ⋅ ∫ 1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),(1+𝜌)𝑟𝑛)
(𝑥) 𝑑𝜇(𝑥)

)

𝑑𝜂(𝑦)

+ 𝐿2

𝜌2𝑟2𝑛
𝜃𝑔

= ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), (1 + 𝜌)𝑟𝑛)

)

𝑑𝜂(𝑦) + 𝐿2

𝜌2𝑟2𝑛
𝜃𝑔 . (8)
6 
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To estimate the term

∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆𝑖
′
𝑦), (1 + 𝜌)𝑟𝑛)

)

𝑑𝜂(𝑦),

we begin by considering the difference

∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), (1 + 𝜌)𝑟𝑛)

)

𝑑𝜂(𝑦)

− ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), 𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), 𝑟𝑛)

)

𝑑𝜂(𝑦),

and then add and subtract an intermediate term to control the measure of the corresponding annuli:

∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), (1 + 𝜌)𝑟𝑛)

)

𝑑𝜂(𝑦)

− ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), 𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), 𝑟𝑛)

)

𝑑𝜂(𝑦)

≤ ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

⋅
[

𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), (1 + 𝜌)𝑟𝑛)

)

− 𝑓∗𝜇
(

𝐵(𝑓 (𝑆𝑖
′
𝑦), 𝑟𝑛)

)

]

𝑑𝜂(𝑦)

+ ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), 𝑟𝑛)

)

⋅
[

𝑓∗𝜇
(

𝐵(𝑓 (𝑆𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

− 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), 𝑟𝑛)
)]

𝑑𝜂(𝑦).

Note that, for every 𝑧 ∈ 𝑌 , we have

𝑓∗𝜇
(

𝐵(𝑧, (1 + 𝜌)𝑟𝑛)
)

− 𝑓∗𝜇
(

𝐵(𝑧, 𝑟𝑛)
)

≤ 𝑓∗𝜇
(

𝐵(𝑧, 𝑟𝑛 + 𝜌) ⧵ 𝐵(𝑧, 𝑟𝑛 − 𝜌)
)

.

Hence, by hypothesis (H2) we obtain:

∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), (1 + 𝜌)𝑟𝑛)

)

𝑑𝜂(𝑦)

− ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), 𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), 𝑟𝑛)

)

𝑑𝜂(𝑦)

≤ 𝑟−𝜉𝑛 𝜌
𝛽
∫

[

𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

+ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), 𝑟𝑛)

)

]

𝑑𝜂(𝑦).

Using the invariance of 𝜂 under 𝑆, if 𝜌 is sufficiently small we have

∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), (1 + 𝜌)𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), (1 + 𝜌)𝑟𝑛)

)

𝑑𝜂(𝑦)

− ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), 𝑟𝑛)
)

⋅ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), 𝑟𝑛)

)

𝑑𝜂(𝑦)

≤ 2𝑟−𝜉𝑛 𝜌
𝛽
∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 2𝑟𝑛)) 𝑑𝜂(𝑦) (9)

Therefore, combining inequalities (8) and (9), we deduce

∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇
𝑖𝑥)1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑇

𝑖′𝑥) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦)

≤ 𝐿2

𝜌2𝑟2𝑛
𝜃𝑔 + 2𝑟−𝜉𝑛 𝜌

𝛽
∫ 𝑓∗𝜇

(

𝐵(𝑓 (𝑦), 2𝑟𝑛)
)

𝑑𝜂(𝑦) (10)

+ ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖𝑦), 𝑟𝑛)
)

𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), 𝑟𝑛)

)

𝑑𝜂(𝑦)

We now estimate

∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑆𝑖𝑦), 𝑟𝑛)
)

𝑓∗𝜇
(

𝐵(𝑓 (𝑆 𝑖
′
𝑦), 𝑟𝑛)

)

𝑑𝜂(𝑦).

Let 𝜓(𝑦) = 𝑓∗𝜇
(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

. Using the 𝑆-invariance of 𝜂 and applying the mixing hypothesis (H1) to the function 𝜓 , we obtain

∫ 𝜓(𝑆 𝑖𝑦)𝜓(𝑆𝑖
′
𝑦) 𝑑𝜂(𝑦) ≤

(

∫ 𝜓(𝑦) 𝑑𝜂(𝑦)
)2

+ 𝜃𝑔 ‖𝜓‖
2
Lip.

Applying Lemma  4 and returning to the original expression in inequality (10), we infer

∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑓 (𝑇
𝑖𝑥))1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑓 (𝑇

𝑖′𝑥)) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦)

≤ 𝐿2

𝜌2𝑟2𝑛
𝜃𝑔 + 2𝑟−𝜉𝑛 𝜌

𝛽
∫ 𝑓∗𝜇

(

𝐵(𝑓 (𝑦), 2𝑟𝑛)
)

𝑑𝜂(𝑦)

+ 𝑐2𝜃𝑔 𝑟−2𝜁𝑛 +
(

∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)
)2

.

7 
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We now set this estimate aside and proceed with the analysis of var(𝑄𝑓𝑛 ) in Case 2.
Case 2: |𝑖 − 𝑖′| ≤ 𝑔. For this case, the boundedness of the indicator function and the invariance of 𝜇 under 𝑇  and of 𝜂 under 𝑆 yield:

∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇
𝑖𝑥)1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑇

𝑖′𝑥) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦)

≤ ∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇
𝑖𝑥) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦)

= ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑆 𝑖𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦) = ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦).

We are now ready to estimate the double sum in (5). Combining Cases 1 and 2, we arrive at
𝑛−1
∑

𝑖,𝑖′=0
∬ 1𝑓−1𝐵(𝑓 (𝑆𝑖𝑦),𝑟𝑛)(𝑇

𝑖𝑥)1𝑓−1𝐵(𝑓 (𝑆𝑖′ 𝑦),𝑟𝑛)(𝑇
𝑖′𝑥) 𝑑(𝜇 ⊗ 𝜂)(𝑥, 𝑦) (11)

≤ 𝑛2𝐿2𝜌−2𝑟−2𝑛 𝜃𝑔 + 2𝑛2𝑟−𝜉𝑛 𝜌
𝛽
∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 2𝑟𝑛)) 𝑑𝜂(𝑦)

+ 𝑐2𝑛2𝜃𝑔𝑟−2𝜁𝑛 + 𝑛2
(

∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦)
)2

+ 2𝑛𝑔 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦).

We now proceed to estimate 𝜇⊗𝜂
{

(𝑥, 𝑦) ∶ 𝑚̂𝑓𝑛 (𝑥, 𝑦) ≥ 𝑟𝑛
} using inequality (4). Combining inequalities (5) and (11), and recalling 

that

E(𝑄𝑓𝑛 ) = 𝑛∫ 𝑓∗𝜇
(

𝐵(𝑧, 𝑟𝑛)
)

𝑑(𝑓∗𝜂)(𝑧),

we obtain
Var(𝑄𝑓𝑛 )

E(𝑄𝑓𝑛 )2
≤
𝑛2𝐿2𝜌−2𝑟−2𝑛 𝜃𝑔 + 𝑐2𝑛2𝜃𝑔𝑟

−2𝜁
𝑛 + 2𝑛2𝑟−𝜉𝑛 𝜌𝛽 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 2𝑟𝑛)) 𝑑𝜂(𝑦)

(

𝑛 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦)
)2

+
E(𝑄𝑓𝑛 )2

E(𝑄𝑓𝑛 )2
+

2𝑛𝑔 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦)
(

𝑛 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦)
)2

−
E(𝑄𝑓𝑛 )2

E(𝑄𝑓𝑛 )2
. (12)

Our goal now is to estimate each term on the right-hand side of the inequality above.
We begin with the third term. By the definition of 𝐶𝑓𝜇,𝜂 , we have that for 𝑛 large enough, 

𝑟
𝐶
𝑓
𝜇,𝜂+𝜖

𝑛 ≤ ∫ 𝑓∗𝜇
(

𝐵
(

𝑓 (𝑦), 𝑟𝑛
))

𝑑𝜂(𝑦) ≤ ∫ 𝑓∗𝜇
(

𝐵
(

𝑓 (𝑦), 2𝑟𝑛
))

𝑑𝜂(𝑦) ≤ 1. (13)

Therefore
2𝑛2𝑟−𝜉𝑛 𝜌𝛽 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 2𝑟𝑛)) 𝑑𝜂(𝑦)

(

𝑛 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦)
)2

≤
2𝑟−𝜉𝑛 𝜌𝛽

𝑟
2(𝐶

𝑓
𝜇,𝜂+𝜖)

𝑛

.

Replacing 𝑟𝑛 = 𝑒−𝑘𝑛 , with 𝑘𝑛 as defined at the beginning of this proof, we deduce
2𝑛2𝑟−𝜉𝑛 𝜌𝛽 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 2𝑟𝑛)) 𝑑𝜂(𝑦)

(

𝑛 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦)
)2

≤ 2𝜌𝛽𝑛𝜉∕(𝐶
𝑓
𝜇,𝜂+𝜖)(log 𝑛)

𝑏𝜉

𝐶𝑓𝜇,𝜂+𝜖 𝑛2(log 𝑛)2𝑏.

Now we set 𝜌 = 𝑛−𝛿 and choose 

𝛿 = 2
𝛽
+

𝜉

𝛽
(

𝐶
𝑓
𝜇,𝜂 + 𝜖

)
+

𝜉
(

𝐶
𝑓
𝜇,𝜂 + 𝜖

)
. (14)

It follows that

2𝑛2𝑟−𝜉𝑛 𝜌𝛽 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 2𝑟𝑛)) 𝑑𝜂(𝑦)
(

𝑛 ∫ 𝑓∗𝜇(𝐵(𝑓 (𝑦), 𝑟𝑛)) 𝑑𝜂(𝑦)
)2

≤ 2(log 𝑛)
𝑏

(

2+ 𝜉

𝐶𝑓𝜇,𝜂+𝜖

)

. (15)

Next we analyze the first term on the right-hand side of inequality (12). Using again (13), we obtain
𝑛2𝐿2𝜌−2𝑟−2𝑛 𝜃𝑔

(

𝑛 ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)
)2

≤ 𝐿2𝜌−2 𝑟−2𝑛 𝜃𝑔𝑟
−2(𝐶

𝑓
𝜇,𝜂+𝜀)

𝑛 .

By substituting the definitions of 𝑟𝑛 and 𝑘𝑛 into the expression above, it follows that
𝑛2𝐿2𝜌−2𝑟−2𝑛 𝜃𝑔

(

𝑛 ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)
)2

≤ 𝐿2𝜌−2𝜃𝑔 𝑛
2(log 𝑛)2𝑏 𝑛2∕(𝐶

𝑓
𝜇,𝜂+𝜀)(log 𝑛)

2𝑏

𝐶𝑓𝜇,𝜂+𝜀

Using the definitions 𝑔 = log(𝑛𝛾 ), 𝜃𝑔 = (𝑎𝑔)𝛼 , and 𝜌 = 𝑛−𝛿 , we obtain

𝜌−2𝜃 𝑛2 𝑛
2

𝐶𝑓𝜇,𝜂+𝜀 = 𝑛
2𝛿+2+ 2

𝐶𝑓𝜇,𝜂+𝜀 ⋅
(

𝑎log(𝑛
𝛾 )
)𝛼

= 𝑛
2𝛿+2+ 2

𝐶𝑓𝜇,𝜂+𝜀
+𝛼𝛾 log 𝑎

.
𝑔

8 
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Since Hypothesis (H1) ensures that 𝛼 > 0 and log 𝑎 < 0, and recalling the definition of 𝛿 given in (14), choosing 

𝛾 > 1
𝛼|log 𝑎|

⎛

⎜

⎜

⎝

4
𝛽
+

2𝜉

𝛽
(

𝐶
𝑓
𝜇,𝜂 + 𝜀

)

+
2𝜉

𝐶
𝑓
𝜇,𝜂 + 𝜀

+ 2 + 2

𝐶
𝑓
𝜇,𝜂 + 𝜀

⎞

⎟

⎟

⎠

, (16)

yields

2𝛿 + 2 + 2

𝐶
𝑓
𝜇,𝜂 + 𝜀

+ 𝛼𝛾 log 𝑎 < 0,

and we conclude that 

𝑛2𝐿2𝜌−2𝑟−2𝑛 𝜃𝑔
(

𝑛 ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)
)2

≤ 𝐿2(log 𝑛)
2𝑏

(

1+ 1

𝐶𝑓𝜇,𝜂+𝜀

)

. (17)

Let us now turn to the second term on the right-hand side of inequality (12). Using again (13) and the definitions of 𝑟𝑛 and 𝑘𝑛, we 
obtain

𝑐2𝑛2𝜃𝑔𝑟
−2𝜁
𝑛

(

𝑛 ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)
)2

≤ 𝑐2𝜃𝑔 𝑛
2(log 𝑛)2𝑏 𝑛

2𝜁

𝐶𝑓𝜇,𝜂+𝜀 (log 𝑛)
2𝑏𝜁

𝐶𝑓𝜇,𝜂+𝜀 .

By our choice of 𝛾 in (16), we have

𝛾 > 1
𝛼| log 𝑎|

⎛

⎜

⎜

⎝

2 +
2𝜁

𝐶
𝑓
𝜇,𝜂 + 𝜀

⎞

⎟

⎟

⎠

.

Therefore, we obtain 

𝑐2𝑛2𝜃𝑔𝑟
−2𝜁
𝑛

(

𝑛 ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)
)2

≤ 𝑐2(log 𝑛)
2𝑏

(

1+ 𝜁

𝐶𝑓𝜇,𝜂+𝜀

)

. (18)

For the remaining term, we use inequality (13) and the identity

𝑟
𝐶
𝑓
𝜇,𝜂+𝜀

𝑛 = 1
𝑛(log 𝑛)𝑏

,

to get 
2𝑛𝑔 ∫ 𝑓∗𝜇

(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)
(

𝑛 ∫ 𝑓∗𝜇
(

𝐵(𝑓 (𝑦), 𝑟𝑛)
)

𝑑𝜂(𝑦)
)2

≤ 2𝑔

𝑛 𝑟
𝐶
𝑓
𝜇,𝜂+𝜀

𝑛

≤ 2𝛾(log 𝑛)1+𝑏. (19)

Taking 𝑏 < −2, and substituting (15), (17), (18), and (19) into (12), and then recalling inequality (4), we obtain

𝜇 ⊗ 𝜂
(

(𝑥, 𝑦) ∶ 𝑚̂𝑓𝑛 (𝑥, 𝑦) ≥ 𝑟𝑛
)

≤
var(𝑄𝑓𝑛 )

E(𝑄𝑓𝑛 )2
≤ ((log 𝑛)−1).

Following the same steps as in the proof of Theorem  2, and using the same subsequence 𝑛𝓁 = ⌈𝑒𝓁2⌉ together with the Borel–Cantelli 
argument, we conclude

lim
𝓁→∞

log 𝑚̂𝑓𝑛𝓁 (𝑥, 𝑦)
− log 𝑛𝓁

≥ 1

𝐶
𝑓
𝜇,𝜂 + 𝜖

.

Since

lim
𝑛→+∞

log 𝑚̂𝑓𝑛 (𝑥, 𝑦)
− log 𝑛

= lim
𝓁→+∞

log 𝑚̂𝑓𝑛𝓁 (𝑥, 𝑦)
− log 𝑛𝓁

,

the theorem follows, as 𝜖 may be chosen arbitrarily small. □

4. Shortest distance between orbits for random dynamical systems

Let 𝑋 ⊂ R𝑛 and let (𝛺,𝐵(𝛺),P, 𝜗) be a probability measure preserving system, where 𝛺 is a metric space and 𝐵(𝛺) its Borel 
𝜎-algebra. We now introduce the notion of a random dynamical system acting on 𝑋 over the base (𝛺,𝐵(𝛺),P, 𝜗).

Definition 5.  A random dynamical system 𝐓 = (𝑇𝜔)𝜔∈𝛺 on 𝑋 over (𝛺,𝐵(𝛺),P, 𝜗) is generated by maps 𝑇𝜔 such that (𝜔, 𝑥) ∈ 𝛺×𝑋 ↦

𝑇𝜔(𝑥) is measurable. The map  ∶ 𝛺×𝑋 → 𝛺×𝑋 defined by  (𝜔, 𝑥) = (𝜗(𝜔), 𝑇𝜔(𝑥)) is the dynamics of the random dynamical system 
generated by 𝐓 and is called the skew-product.

We are particularly interested in invariant measures for the skew-product dynamics.
9 
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Definition 6.  A probability measure 𝜇 on the product space 𝛺 × 𝑋 is said to be an invariant measure for the random dynamical 
system 𝐓 if it satisfies:
1. 𝜇 is  -invariant,
2. 𝜋∗𝜇 = P,

where 𝜋 ∶ 𝛺 ×𝑋 → 𝛺 is the canonical projection.
Visually, this relationship can be represented by the following commutative diagram: 

(𝜔, 𝑥) (𝜗(𝜔), 𝑇𝜔(𝑥))

𝜔 𝜗(𝜔)



𝜋 𝜋

𝜗

In this setting, the probability measure 𝜇 can be disintegrated over P (see the Regular Conditional Probability Theorem, [19]): 
there exists a family of probability measures 𝜇𝜔, depending measurably on 𝜔, such that for any bounded function 𝑓 on 𝑋, the 
following holds:

∫ 𝑓 𝑑𝜇 = ∫

(

∫ 𝑓 (𝑥) 𝑑𝜇𝜔(𝑥)
)

𝑑P(𝜔).

Let 𝜇̄(⋅) = ∫ 𝜇𝜔(⋅) 𝑑P(𝜔) denote the second marginal of 𝜇.
We now introduce a second family of random maps 𝐒 = (𝑆𝜔)𝜔∈𝛺, defined on the same space 𝑋 over (𝛺,𝐵(𝛺),P, 𝜗̃). The associated 

skew-product is  ∶ 𝛺 ×𝑋 → 𝛺 ×𝑋, defined by
(𝜔, 𝑥) = (𝜗̃(𝜔), 𝑆𝜔(𝑥)),

and the invariant measure for the random dynamical system 𝐒 is denoted by 𝜂. With these notations, let 𝜂̄(⋅) = ∫ 𝜂𝜔(⋅) 𝑑P(𝜔) denote 
the second marginal of 𝜂.

Definition 7.  We define the shortest distance between two different random orbits as
𝑚̂𝜔,𝜔̃𝑛 (𝑥, 𝑦) = min

𝑖=0,…,𝑛−1
𝑑
(

𝑇 𝑖𝜔(𝑥), 𝑆
𝑖
𝜔̃(𝑦)

)

,

where, for all 𝜔 ∈ 𝛺, the iterates of 𝑇𝜔 are the random composition of 𝑇𝜔’s defined as:
𝑇 0
𝜔 = Id, 𝑇 1

𝜔 = 𝑇𝜔, 𝑇 2
𝜔 = 𝑇𝜗(𝜔) ◦ 𝑇𝜔,

and more generally,
𝑇 𝑛𝜔 = 𝑇𝜗𝑛−1(𝜔) ◦ ⋯ ◦ 𝑇𝜗(𝜔) ◦ 𝑇𝜔.

Similarly, 𝑆𝑛𝜔̃ are the random compositions of the maps 𝑆𝜔̃.
To obtain a result that links the shortest distance between two different orbits and random dynamical systems we need to assume 

a hypothesis on the invariant measure and on the (annealed) decay of correlations of the random dynamical system. Namely,

(a): There exist 𝑟0 > 0, 𝜉 ≥ 0 and 𝛽 ≥ 1 such that for almost every 𝑦 ∈ 𝑋 and any 𝑟0 > 𝑟 > 𝜌 > 0,

𝜇̄(𝐵(𝑦, 𝑟 + 𝜌)∖𝐵(𝑦, 𝑟 − 𝜌)) ≤ 𝑟−𝜉𝜌𝛽 ,

where 𝜇̄ is the second marginal of 𝜇.
(b): (Annealed decay of correlations) ∀𝑛 ∈ N∗, 𝜓, 𝜙 ∈ 𝐿𝑖𝑝(𝑋,R) we have,

|

|

|

|

∫𝛺×𝑋
𝜓(𝑇 𝑛𝜔(𝑥))𝜙(𝑥) 𝑑𝜇(𝜔, 𝑥) − ∫𝑋

𝜓 𝑑𝜇̄ ∫𝑋
𝜙 𝑑𝜇̄

|

|

|

|

≤ ‖𝜓‖𝐿𝑖𝑝‖𝜙‖𝐿𝑖𝑝𝜃𝑛

and
|

|

|

|

∫𝛺×𝑋
𝜓(𝑆𝑛𝜔̃(𝑥))𝜙(𝑥) 𝑑𝜂(𝜔̃, 𝑥) − ∫𝑋

𝜓 𝑑𝜂̄ ∫𝑋
𝜙 𝑑𝜂̄

|

|

|

|

≤ ‖𝜓‖𝐿𝑖𝑝‖𝜙‖𝐿𝑖𝑝𝜃𝑛

with 𝜃𝑛 = 𝑒−𝑛.

The following theorem establishes the asymptotic behavior of the minimal distance between two random orbits when the random 
dynamical systems satisfy the regularity and decay conditions stated above.

Theorem 8.  Let 𝐓 and 𝐒 be two random dynamical systems on a common space 𝑋, defined over (𝛺,𝐵(𝛺),P, 𝜗) and (𝛺,𝐵(𝛺),P, 𝜗̃), 
respectively. Let 𝜇 and 𝜂 be invariant measures under the respective random dynamical systems 𝐓 and 𝐒 such that 𝐶 𝜇̄,𝜂̄ > 0. Then for 
𝜇 ⊗ 𝜂-almost every (𝜔, 𝑥, 𝜔̃, 𝑥̃) ∈ 𝛺 ×𝑋 ×𝛺 ×𝑋, if the random dynamical system satisfies assumptions (𝑎) and (𝑏), and if 𝐶𝜇̄,𝜂̄ exists, then

lim
𝑛→∞

log 𝑚̂𝜔,𝜔̃𝑛 (𝑥, 𝑥̃)
= 1 .
− log 𝑛 𝐶𝜇̄,𝜂̄

10 
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Proof.  We follow the approach proposed in [20]. The proof of this theorem relies on Theorems  2 and 3, applied to the dynamical 
systems (𝛺 ×𝑋,𝐵(𝛺 ×𝑋), 𝜇,  ) and (𝛺 ×𝑋,𝐵(𝛺 ×𝑋), 𝜂,), together with the observation function 𝑓 defined as

𝑓 ∶ 𝛺 ×𝑋 → 𝑋, (𝜔, 𝑥) ↦ 𝑥.

With this observation, for all 𝑧, 𝑡 ∈ 𝛺 × 𝑋, we can relate the shortest distance between two different observed orbits to the 
shortest distance between two different random orbits. Let 𝑧 = (𝜔, 𝑥) and 𝑡 = (𝜔̃, 𝑥̃). Then,

𝑚̂𝑓𝑛 (𝑧, 𝑡) = min
𝑖=0,…,𝑛−1

(

𝑑
(

𝑓
(

 𝑖(𝜔, 𝑥)
)

, 𝑓
(

 𝑖(𝜔̃, 𝑥̃)
)))

= min
𝑖=0,…,𝑛−1

(

𝑑
(

𝑇 𝑖𝜔(𝑥), 𝑆
𝑖
𝜔̃(𝑥̃)

))

= 𝑚̂𝜔,𝜔̃𝑛 (𝑥, 𝑥̃).

Moreover, we can identify the pushforward measures as 𝑓∗𝜇 = 𝜇̄ and 𝑓∗𝜂 = 𝜂̄. Therefore, in view of the definition of the symmetric 
Rényi divergence, we obtain

𝐶𝑓𝜇,𝜂 = 𝐶𝜇̄,𝜂̄ .

This completes the proof. □

We will present an example of a random dynamical system for which we can apply the previous statement.

Example (Non-i.i.d. Random Dynamical System). Let 𝛺 = [0, 1] and 𝑋 = T1 denote the one-dimensional torus, both endowed with 
the Lebesgue measure.

We consider two measurable maps
𝜃 ∶ 𝛺 → 𝛺 and 𝜃 ∶ 𝛺 → 𝛺

defined by

𝜃(𝜔) =

{

2𝜔, if 𝜔 ∈ [0, 1∕2),
2𝜔 − 1, if 𝜔 ∈ [1∕2, 1],

𝜃(𝜔̃) =

⎧

⎪

⎨

⎪

⎩

3𝜔̃, if 𝜔̃ ∈ [0, 1∕3),
3𝜔̃ − 1, if 𝜔̃ ∈ [1∕3, 2∕3),
3𝜔̃ − 2, if 𝜔̃ ∈ [2∕3, 1].

For each 𝜔, 𝜔̃ ∈ 𝛺, we define the linear maps on 𝑋
𝑇𝜔 ∶ 𝑋 → 𝑋, 𝑥 ↦ 2𝑥, 𝑆𝜔̃ ∶ 𝑋 → 𝑋, 𝑥 ↦ 3𝑥,

both preserving the Lebesgue measure on T1.
The corresponding random dynamical systems are described by the skew products

 ∶ 𝛺 ×𝑋 → 𝛺 ×𝑋,

(𝜔, 𝑥) ↦ (𝜃(𝜔), 𝑇𝜔(𝑥)),

and

 ∶ 𝛺 ×𝑋 → 𝛺 ×𝑋,

(𝜔̃, 𝑥) ↦ (𝜃(𝜔̃), 𝑆𝜔̃(𝑥)).

Both   and  are Leb⊗ Leb-invariant, where Leb denotes the Lebesgue measure.
It is straightforward to verify that the Lebesgue measure satisfies condition (a). Moreover, by [21], the skew products   and 

exhibit exponential decay of correlations. Since in this example 𝐶𝜇̄,𝜂̄ = 1 with 𝜇̄ = 𝜂̄ = Leb, Theorem  8 implies that for Leb⊗4-almost 
every (𝜔, 𝑥, 𝜔̃, 𝑥̃) ∈ [0, 1] × T1 × [0, 1] × T1,

lim
𝑛→∞

log 𝑚̂𝜔,𝜔̃𝑛 (𝑥, 𝑥̃)
− log 𝑛

= 1.
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