Ann. Henri Poincaré Online First
(© 2021 Springer Nature Switzerland AG
https://doi.org/10.1007/300023-021-01039-y

I Annales Henri Poincaré

®

Check for
updates

Shortest Distance Between Multiple Orbits
and Generalized Fractal Dimensions

Vanessa Barros and Jérome Rousseau

Abstract. We consider rapidly mixing dynamical systems and link the
decay of the shortest distance between multiple orbits with the general-
ized fractal dimension. We apply this result to multidimensional expand-
ing maps and extend it to the realm of random dynamical systems. For
random sequences, we obtain a relation between the longest common
substring between multiple sequences and the generalized Rényi entropy.
Applications to Markov chains and Gibbs states are given.

1. Introduction

Generalized fractal dimensions were originally introduced to characterize and
measure the strangeness of chaotic attractors and, more generally, to describe
the fractal structure of invariant sets in dynamical systems [24-26].

Given k > 1, the generalized fractal dimension (also known as L? or HP
dimensions) of a measure p is defined (provided the limit exists) by:

b o 108 Ji (B () dua)
k(p) = lim .
r—0 (k—1)logr
For the existence of these dimensions, their properties and relations with other
dimensions, one can see, for example, [9,18,39,40].

Since estimation of the generalized dimensions plays an important role
in the description of dynamical systems, different numerical approaches and
procedures have been developed to compute them (see, for example, [3,6,7,11,
14,38] and references within). In particular, we highlight [21] where extreme
value theory (EVT) was used as a tool to estimate the correlation dimension
Dy(u), and [14] for generalized dimensions. For a deeper discussion of EVT
for dynamical systems, we refer the reader to [20].

It is also worth mentioning the connection between generalized dimen-
sions and the recurrence properties of the dynamics. Return time dimensions
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and generalized fractal dimensions were thoroughly compared in [28,36]. More-
over, they appear in the rate function for the large deviations of the return
time [14,17].

In this communication we study, for a dynamical system (X, T, u), the
behaviour of the shortest distance between k orbits, i.e. for (z1,...,7;) € X*:

My (X1, ..., T) = min (d(T“xl,...,Tikxk)), (1)
i1,0eyig=0,...,n—1
where d(z1,...,2,) = max;»z; d(x;,x;), and show a relation between this
shortest distance and the generalized fractal dimensions.

Indeed, if the generalized dimension exists, then under some rapid mixing
conditions on the system (X, T, ), for p® - -- ® p-almost every (x1,...,2x) €
X%, we have

logmy,(z1,...,2x) k

li = . 2
n->too “logn (k— 1)Dy(n) @

In particular, we apply these results to the multidimensional expanding maps
defined by Saussol [45]. Moreover, we also prove an annealed version of (2) for
the shortest distance between k orbits of a random dynamical system.

These results extend and complement those in [10,16] where identity (2)
(and its equivalent for random dynamical systems) was proved for two orbits
(k=2).

Furthermore, it was shown in [10] that the problem of the shortest dis-
tance between orbits is a generalization of the longest common substring
problem for random sequences, a problem thoroughly investigated in genet-
ics, probability and computer science (see, for example, [49]). More precisely,
for a-mixing systems, they study the behaviour of the length of the longest
common substring between two sequences x and y:

My (z,y) = max{m : x;1 = y;j4x for k=1,...,m and for some 0 < 4,5 < n—m},

and generalized the work of Arratia and Waterman [5] where only independent
irreducible and aperiodic Markov chains on a finite alphabet were considered.
More recently, similar results for encoded sequences [16], random sequences in
random environment [43], stationary detrimental process on the integer lattice
[19] and also for the longest matching consecutive subsequence between two
N-ary expansions [34] were obtained.

Following the ideas in [10], we extend here our study to the longest com-
mon substring between multiple sequences (previous results in this direction

were obtained in [32,33]). More precisely, for k sequences z',. .., z*, we define
the length of the longest common substring by
M, (z*, ... 2"
:max{m::cilﬁj = ~~:xfk+j for  =0,...,m — 1 and for some

0<i1,...,ip <n—m}.
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and link it to the generalized Rényi entropy (provided that it exists, see, for
example, [1,2,29,35]):

T IOgZP(Cn)k
He= M = = n

where the sum is taken over all n-cylinders C,, (see Sect. 4 for a precise defi-
nition).

Thus, we prove that for a-mixing systems with exponential decay (or -
mixing with polynomial decay), if the generalized Rényi entropy exists, then
for Pk-almost every (z?,...,2"),

M, (zt,... 2% k

li = .
P00 logn (k—1)Hy

The paper is organized as follows. Our main results linking the shortest
distance between multiple orbits and the generalized fractal dimensions are
stated in Sect. 2 and proved in Sect. 7. An application of these results for
multidimensional expanding maps is given in Sect. 5. Shortest distance between
multiple observed orbits and random orbits is studied in Sect. 3. In Sect. 4, we
study the longest common substring problem for multiple random sequences
and its relation with the generalized Rényi entropy. These results are proved
in Sect. 6.

2. Shortest Distance Between k Orbits

Let (X, d) be a finite-dimensional metric space and A its Borel o-algebra. Let
(X, A, 1, T) be a measure preserving system which means that 7 : X — X is
a transformation on X and p is a probability measure on (X,.4) such that u
is invariant by 7', i.e. u(T~'A) = u(A) for all A € A. We will denote by u*
the product measure y ® --- ® p.

We would like to study the behaviour of the shortest distance between &
orbits:

w(z1, ... xp) = i d(T"xq, ..., T"

Ma(@ya) =, om0 T

where d(z1,...,x,) = max;»; d(z;, z;).

Remark 2.1. Other definitions could have been chosen for d(x1, ..., ;) with-

out altering our results (see, for example, [31,48] and references therein for
examples of generalizations of the usual two-way distance). For example, we
could have used dj(x1,...,2x) = min,ex max; d(z;, z), or da(z1,...,2K) =

Zi# d(z;,2;)%, but our results would have been the same since d, d;, and

dy are equivalent.

We will show that the behaviour of m, as n — oo is linked with the
generalized fractal dimension. Before stating the first theorem, we recall, for
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k > 1, the definition of the lower and upper generalized fractal dimensions of
L
log [ (B (z,r)" " du(z)

Diln) = hiné (k—1)logr and
S e[y n(B (@) ()
k() = Py (k—1)logr '

When the limit exists, we will denote the common value of D, (u) and Dy (u)
by Dy (u).

Theorem 2.2. Let (X, A,u,T) be a measure preserving system such that
D, (1) > 0. Then, for u*-almost every (r1,...,zx) € X,

— logmp(z1,...,2x) k
lim < .
n—-+oo —logn (k—1)Dy(n)

This general result can be applied to any dynamical system such that
D, (1) > 0. Even if the inequality in Theorem 2.2 can be strict (noting, for
example, the trivial case when T is the identity), we will prove that an equality
holds under some rapidly mixing conditions:

(H1) There exists a Banach space C, such that for all ¢, ¢ € C and for
all n € N*| we have

/X¢-¢0T"du—/x¢du/x¢>du

with 6, = a™ (0 < a < 1) and where || - ||¢c is the norm in the Banach space C.

(H2) There exist 0 < 19 < 1, ¢ > 0 and £ > 0 such that for every
p € {1,...,k}, for p*~P-almost every z,41,...,2, € X and any 0 < r < rg,
the function v, : X — R, defined below, belongs to the Banach space C and
verifies

< 1¥llell9llctn,

[plle < er™®.

Fixed zo, ...,z € X, we define

k
01@) =[] Voo, (@): 3

For p > 1, we fix xpy1,...,2, € X, and set
¥p(z) = Y(x,2p41, ..., 2k), Where
V(Tp, Tpity e ooy Th)
k p—1 k
- H ]LB(xm“)(xp)/ H H 1B(z;,r(71) AP~ @y, po1).
I=p+1 X7t =ti=i11

(4)
This condition imposes some regularity (with respect to the Banach space

C) on the indicator functions of intersections of balls and on the measure.
More precisely, to satisfy (H2) the measure cannot change drastically around
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these intersections. When the Banach space C is the space of Holder functions
H*(X,R), we will replace our assumption (H2) by an assumption easier to
interpret in Theorem 2.7.

We will also need some topological information on the space X.

Definition 2.3. A separable metric space (X,d) is called tight if there exist
ro9 > 0 and Ny € N, such that for any 0 < r < ry and any x € X one can cover
B(x,2r) by at most Ny balls of radius r.

We emphasize that any subset of R” with the Euclidian metric is tight,
any subset of a Riemannian manifold of bounded curvature is tight and that
if (X, d) admits a doubling measure then it is tight [27].

Now we can state our main result.

Theorem 2.4. Let (X, A, 1, T) be a measure preserving system, such that (X, d)
is tight, satisfying (H1) and (H2) and such that Dy (p) exists and is strictly

positive. Then, for u*-almost every (z1,...,11) € X*,
. logmy, (1, ..., Tk) k
im = .
T —logn (k= D) Dy(s)

Now, we will apply this result to a short list of simple examples. Later,
in Sect. 5, we use this theorem for a more complex family of examples (multi-
dimensional piecewise expanding maps).

Denote by Leb the Lebesgue measure.

Ezample 2.5. Theorem 2.4 can be applied to the following systems:

(1) For m € {2,3,...}, let T : [0,1] — [0,1] be such that 2 — ma mod 1
and p = Leb.

(2) Let T : (0,1] — (0,1] be such that T'(z)
(27m, 27" and pu = Leb.

(3) (B-transformations) For 8 > 1, let T : [0,1] — [0, 1] be such that = — Sz
mod 1 and p be the Parry measure (see [37]), which is an absolutely
continuous probability measure with density p satisfying 1 — % <p(z) <
(1- %)_1 for all z € [0,1].

(4) (Gauss map) Let T": (0,1] — (0,1] be such that T'(z) = {1} and dp =

1 dz
log2 14x "

In these examples, it is easy to see that Dy (u) = 1. Moreover, (H1) and (H2)
are satisfied with the Banach space C = BV, the space of functions of bounded
variation (see, for example, [23] Sect. 4.1 and [30,41,42]).

2"(x — 27™) for z €

One can observe that Theorem 2.4 is an immediate consequence of The-
orem 2.2 and the next theorem.

Theorem 2.6. Let (X, A,u,T) be a measure preserving system, such that
D, () > 0 and such that (X,d) is tight, satisfying (H1) and (H2). Then,
for p¥-almost every (z1,...,x;) € X*,
lim logmy, (1, ..., zk) > kf .
n—+00 - 10g’l’L (k - 1)Dk(u)
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When the Banach space C is the space of Holder functions H*(X,R), we
can adapt our proof and (H2) can be replaced by the following condition:

(HA) There exist 79 > 0, £ > 0 and [ > 0 such that for p-almost every
rze X and any 7o > 7 > p >0,

w(B(z,r+ p)\B(x,r —p)) < r~¢p".

This assumption is satisfied, for example, if the measure is Lebesgue or
absolutely continuous with respect to Lebesgue with a bounded density.

Theorem 2.7. Let (X, A,u,T) be a measure preserving system, such that
D, (1) > 0 and such that (X,d) is tight, satisfying (H1) with C = H*(X,R)
and (HA). Then, for u*-almost every (wy,...,zx) € X*,

. logmy(z1,...,xp) k
lim > — .
n—+00 _1Ogn (k - 1)Dk(,u)

For example, one can apply this theorem to expanding maps of the inter-
val with a Gibbs measure associated to a Holder potential (see, for example,
[46]) and C? endomorphism (of a d-dimensional compact Riemannian man-
ifold) admitting a Young tower with exponential tail (see [22, Sect. 6] and

[15]).

3. Observed Orbits and Random Dynamical Systems

In this section, we extend our analysis to the study of observation of orbits.
Indeed, considering observations of systems (for example, temperature or pres-
sure while studying climate) could be more significant than considering the
whole system. From a more theoretical point of view, we will explain in Sect. 3.1
how the study of observed orbits allows us to study random dynamical systems.

Let (Y,d) be a metric space and for any yi,...,yx € Y, we define
d(y1, ..., yk) = max;2; d(y;,y;). Let f : X — Y be a measurable function
(called the observation). We denote by f.u the pushforward measure, defined
by fiu(A) = p(f~1(A)) for measurable subsets A C Y.

We would like to study the behaviour of the shortest distance between k
observed orbits:

m(xy,...,2) = min (d(f(T“xl),...,f(Ti’“xk)))

@150, =0,...,n—1

Theorem 3.1. Let (X, A, u,T) be a measure preserving system such that
D,.(fupr) > 0. Then, for u*-almost every (z1,...,xx) € X*,

— logm{(z1,... ) k
lim < :
pop——— —logn (k= 1)Dy.(fepr)

We will assume that f is Lipschitz and as in Sect. 2, we prove that the
equality holds under some rapidly mixing conditions:
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H1') For all ¢, ¢ € H*(Y,R) and for all n € N*, we have

’/ b(f /w )duz /qs (2)
<160 Fllzee 6 © Fllpeebn,

with 6, =a” (0 <a < 1).

For simplicity, we only treat the case when the mixing property is satisfied
for Holder observables. However, we observe that one can adapt (H1) and (H2)
to this setting to work with other Banach spaces.

Now we can state our version of Theorem 2.7 for observed orbits.

Theorem 3.2. Let (X, A, u,T) be a measure preserving system and f a Lip-
schitz observation, such that D, (f.p) > 0 and such that (Y,d) is tight, sat-
isfying (H1’) and such that f.u satisfies (HA). Then, for pF-almost every
(w1,...,71) € XF,

. logmi(xy,...,71) k
lim > — .
n—-+00 710gn (k - 1)Dk(f*u)
Moreover, if Dy(f.u) exists, then for u*-almost every (x1,...,x1) € X,
. logmd (w1, xp) k
lim = .
n—-4oo — log n (/ﬂ — 1)Dk(f*/i)

3.1. Shortest Distance Between Multiple Random Orbits

In this subsection, we will use the previous results to study the shortest dis-
tance between multiple orbits of a random dynamical system.

Let (X, d) be a tight metric space and let (£2,0,P) be a probability mea-
sure preserving system, where {2 is a metric space and B({2) its Borelian
o-algebra.

Definition 3.3. A random dynamical system 7 = (T,)wecn on X over
(£2,B(2),P,0) is generated by maps T, such that (w,z) — T,(z) is mea-
surable and satisfies:

T = Id for all w € 02,
T = Ton-1(uy 00 Thwy o T, for all n > 1.

The map S : 2 x X — 2 x X defined by S(w,z) = (0(w),T,(x)) is the
dynamics of the random dynamical systems generated by 7 and is called skew
product.
A probability measure p is said to be an invariant measure for the random
dynamical system 7 if it satisfies
1. p is S-invariant
2. mpu="P
where 7 : {2 x X — {2 is the canonical projection.
Let (uw)w denote the decomposition of p on X, that is, du(w,z) =
dpe (z)dP(w). We denote by v = [ 1,dP the marginal of v on X.
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For (w1,21),..., (wk,zk), we define the shortest distance between k ran-
dom orbits by
met oYk (gL xg) = min (d (Tz}l(xl),,T;’Z(xk)))

il,...,ikZO ..... n—1

Remark 3.4. We observe that the technique developed here only allows us to
obtain annealed results. Another object worth studying would be the quenched
shortest distance

mienm) = min (T ) T )
In this direction, the only known results are for 2 orbits and when the system
is a random subshift of finite type [43].

As in the deterministic case, we will assume an exponential decay of
correlations for the random dynamical system:

(H1R) (Annealed decay of correlations) For every n € N*, and every 1,
¢ € H*(X,R),

[ v o)~ [ wan [ odul < [l ol
2xX 2xX N2xX

with 6, =a™ (0 <a < 1).

Theorem 3.5. Let T be a random dynamical system on X over (£2, B(2),P,0)
with an invariant measure p such that D, (v) > 0. Then, for u*-almost every
(W1, 21, .., W, k) € (2 x X)F,

. logm&t @k (xq, ..., xp) < k .

2 “Togn (h— DDy(v)
Moreover, if the random dynamical system satisfies assumptions (H1R) and v
satisfies (HA), then

Wi ,WE
lim log m¥ (x1,...,2K) > kf ’
oo —logn (k—1)Dy(v)
and if Dy(v) exists, then
. logm&re oWk (g, ) k
lim = .
n—00 —logn (k—1)Dy(v)

Proof. Following the ideas in [44], it is enough to apply Theorems 3.1 and
3.2 for the dynamical system (£2 x X, B({2 x X), u, S) with the observation f
defined by

f:02xX—=X
(w,z) — x.
O

We now apply the above result to some simple non-i.i.d. random dynam-
ical system, and we observe that, as in [16], Theorem 3.5 could also be applied
to randomly perturbed dynamical systems and random hyperbolic total auto-
morphisms.
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Ezample 3.6. (Non-i.i.d. random expanding maps) Consider the two following
linear maps
Ti: X —-X and Th: X — X
T — 2r T — 3x,

where X is the one-dimensional torus T'. It is easy to see that T} and T
preserve the Lebesgue measure(Leb).

The following skew product gives the dynamics of the random dynamical
system:

S:N2xX—-NxX
(w,z) = (0(w), T, (),

with 2 =10,1], T, =T1 if w € [0,2/5) and T, = T» if w € [2/5, 1] where w is
the following piecewise linear map:
2w if we[0,1/5)
3w—1/5 if we[1/5,2/5)
2w—4/5 if we[2/5,3/5)
3w/2—-1/2 if we[3/5,1].

The associated skew product S is Leb® Leb-invariant. It is easy to check
that Lebesgue measure satisfies (HA). Moreover, by [8] the skew product S

O(w) =

has an exponential decay of correlations. Since in this example v = Leb,
we have Dj(v) = 1 and Theorem 3.5 implies that for Leb**-almost every
(W1, 21, .., Wi, k) € ([0,1] x TH)k,

lim logm&ir @k (zq,. .., xp) _ k .

n—oo —logn E—-1

4. Longest Common Substring Between kK Random Sequences

It was shown in [10] that studying the shortest distance between orbits for a
symbolic dynamical system coincides with studying the length of the longest
common substring between sequences.

Thus, we will consider the symbolic dynamical systems (£2,P, o), where
2 = AN for some alphabet A, o is the (left) shift on £ and PP is a o-invariant
probability measure. For k sequences z',...,z" € 2, we are interested in the
behaviour of

M, (zt, ... 2"

C el — — .k R
=max{m:z; ,; = =z; ; for j=0,...,m—1 and for some

0<iy,...,ig <n—m}.
We will show that the behaviour of M, is linked with the generalized Rényi
entropy of the system.
For y € 2 we denote by Cy,(y) ={z € 2: 2, =y; forall0 <i<n-—1}
the n-cylinder containing y. Set F{' as the sigma-algebra over {2 generated by
all n-cylinders.
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For k > 1, we recall the definition of the lower and upper generalized
Rényi entropy:

- log I P(Cn)" = — log 3 P(Cp)*
H,(P)= 1 —_—= d Hi(P)= 1 —_—=

H(P) nﬂlirfoo —(k—=1)n o £(P) n—too —(k—1)n ~’
where the notation > P(C,,)* means P(Cy,(y))*. When the limit exists,
we will denote it by Hy(P).

We say that a system (§2,P,0) is a-mizing if there exists a function
a: N — R satisfying a(g) — 0 when g — 400 and such that for all m,n € N,
A€ FJ and B € Fj":

IP(ANo™97"B) — P(A)P(B)| < a(g).
It is said to be a-mixing with an exponential decay if the function a(g) decreases
exponentially fast to 0.

We say that our system is -mizing if there exists a function ¢ : N — R
satisfying ¢(g) — 0 when g — 400 and such that for all m,n € N, A € F}
and B € Fi":

[P(AN =77 B) — BA)P(B)| < %(g)P(A)P(B).
Now we are ready to state our next result.
Theorem 4.1. If H,(P) > 0, then for P*-almost every (x!,..., z%) € 0k,
— My(zt, ..., 2F
lim n(@,. o 27) < i . (5)
P logn (k= 1)H, (P)
Moreover, if the system is a-mizing with an exponential decay or if it is

VY-mizing with ¥(g) = g~ for some a > 0 then, for P*-almost every
(x,...,2%) € 0F,

yeAn

. M,(zb, ..., 2%) k
lim > — .
n—+00 logn (k - 1)Hk(IP)

Therefore, if the generalized Rényi entropy exists, then for PF-almost every
(xt, ..., 2F) e 0k,

(6)

. M, (2, ..., 2b) k
lim = .
n—+o0 logn (k —1)H(P)
This theorem can be applied, for example, to Markov chains and Gibbs
states:

Ezample 4.2. (Markov chains) If (£2,P,0) is an irreducible and aperiodic
Markov chain on a finite alphabet A4, then it is ¢-mixing with an exponen-
tial decay (see, for example, [13]). If we denote by P the associated stochastic
matrix (with entries P;;), then the matrix P(k) whose entries are Py;(k) = Pf;
has, by the Perron—Frobenius theorem, a single largest eigenvalue \;. More-
over, the generalized Rényi entropy exists and Hy(P) = —log A\x/(k — 1) [29].
Thus, for P*-almost every (z!,..., 2%) € QF
lim M, (zt, ... 2% _ k .
n—+oo logn —log A\,
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Ezample 4.3. (Gibbs states) Let P be a Gibbs state of a Holder-continuous
potential ¢. Then, the system is -mixing with an exponential decay [12,
47]. Moreover, the generalized Rényi entropy exists and Hy(P) = (1/(k —
1)) (kP(¢) — P(k¢)) where P(¢) is the pressure of the potential ¢ [29]. Thus,
for Pk-almost every (z?,...,2"%) € 2F,

i M, (z', ..., 2%) _ k

n—+oo logn kP(¢) — P(k¢)

5. Multidimensional Piecewise Expanding Maps

In this section, we apply Theorem 2.4 to a family of maps defined by Saussol
[45]: multidimensional piecewise uniformly expanding maps. It was observed
in [4] that these maps generalize Markov maps which also contain one-
dimensional piecewise uniformly expanding maps.

Let N > 1 be an integer. We will work in the Euclidean space RY. We
denote by B.(z) the ball with centre z and radius e. For a set £ C RV, we
write

B.(E) :={y cRY :d(y,E) < ¢}.

Definition 5.1 (Multidimensional piecewise expanding systems). Let X be a
compact subset of RY with X° = X and T': X — X. The system (X,T) is
a multidimensional piecewise expanding system if there exists a family of at
most countably many disjoint open sets U; C X and V; such that U; C V; and
maps T; : V; — RY satisfying for some 0 < o < 1, for some small enough
€o > 0, and for all 4:
(1) Tly, = Tiv, and B, (TU;) C Ti(Vi);
(2) T; € CY(V;), T; is injective and T; ' € CY(T;V;). Moreover, there exists a
constant ¢, such that for all € < €,z € T;V; and z,y € B.(z) N T;V; we
have

|det D, T; ' — det D, T, | < ce®|det DT, *;

(3) Leb(X\U; Ui) = 0;

(4) there exists s = s(T') < 1 such that for all u,v € TV; with d(u,v) < €
we have d(T; 'u, T, 'v) < sd(u,v);

(5) let G(e, ep) := sup, G(z,¢€,€9) where

G(z,¢,60) = Z Leb(

%

T B(9TU) N By ()
m(B(lfs)eo(x)) ,

then the number 7 = 7(0) := s +2sup, 4 GEEf) § satisfies sups<., 1(d) <

1.

We will prove that the multidimensional piecewise expanding systems
satisfy the conditions of Theorem 2.4.
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Proposition 5.2. Let (X,T) be a topologically mizing multidimensional piece-
wise expanding map and p be its absolutely continuous invariant probability

measure. Then, for p*-almost every (z1,...,x3) € X*,
. logm, (z1,...,25) k
im = .
n—+o0 —logn (k—1)N

Proof. First of all, we define the Banach space involved in the mixing condi-
tions. Let I' C X be a Borel set. We define the oscillation of p € L!(Leb) over
I as

osc(p, I') = ess-sup(yp) — ess—linf(go),
r

Now, given real numbers 0 < a < 1 and 0 < ¢y < 1 consider the following
a-seminorm

[¢la = sup e_a/ osc(p, Be(z))dx.
0<e<eo X

We observe that X > x — osc(p, Be(x)) is a measurable function (see [45])

and

supp(osc(i, Be(x))) C Be(supp ¢).

Let V,, be the space of L!(Leb)—functions such that |p|, < oo endowed
with the norm

lella = el (zesy + |¢la-

Then, (V, || |l) is a Banach space which does not depend on the choice of €y
and V,, C L™ (see [45]).

Saussol [45] proved that for a piecewise expanding map T : X — X,
where X C R¥ is a compact set, there exists an absolutely continuous invariant
probability measure p with density h € V,, which enjoys exponential decay of
correlations against L' observables on V,. More precisely, for all v € V,,
¢ € L'(u) and n € N*, we have

. OTnd — d d < a 077.7
/Xw " /X¢ u/X¢ u\nwn 61l

with 6, = a” (0 < a < 1). This means that the system (X, T, u) satisfies the
condition (H1) with C = V,,.

It remains to show that the system also satisfies the conditions (H2) (with
ro = €g). To this end, we need to estimate for each p € {1,--- ,k}, the norm
14|, Where the functions v, were defined in (3) and (4). Since v, € L*(Leb),
we just need to estimate its a-seminorm.

Since

supp osc(¢p, Be(+)) C Be(X),

we infer that

|¥pla = sup 670‘/ 0sc(y, Be(x))dz.
B‘(X)

0<e<eq
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For p = 1 the computation is similar to the one leading to (20) in [10] so
we will only treat the case p > 2.

Let 0 < ¢ < €. First of all, suppose that r < e. Since the density h
belongs to V,, C L°, we have h < ¢ for some constant ¢ > 0. Thus, we observe
that

0s¢(p, Be(x)) < ess-sup 1hp(y)
yEB(z,e)NX

p—
< ess-sup / H ILB(:cj,r) (y) dﬂ’pil(wl» o axpfl)
yeB(z,e)NX J XP—1 j=1

= esssup u(B(y,r)P"t < CET NP
yEB(z,e)NX

where Cy denotes the Lebesgue measure of the unit ball in RY. Now, using
the fact that B.(X) C B, (X) which is a compact set, we conclude that

[Upla < sup e PN Lep(B. (X))
€ES€Q

S Ceév(pfl)fa

)

where C' = CP~'eP~1Leb(X,,).

For simplicity of notation, from now on we write du/~1(4, j) instead of
dp? = N (@, xg).

Now suppose r > e. Observe that y € B(x,¢) implies B(x,r —¢) C
B(y,r) C B(z,r + ¢). Thus, if z, € B(z,¢), we infer that

p—1 k
H 1B(z,.r) wz)/ {H 11 ﬂs(a:j,r)(wz)} dp?~ ' (1,p—1)

I=p+1 J=11=j+1
p—1 p—1
H ﬂB(zp r) Jll / . H H HB(‘LJ 7)($l) H IlB(a;p,T')(xj) dup71(17p - 1)
l=p+1 g:lll;&-l»l j=1
P

k -1 Kk p—1
< H lB(I,T+E)(Il)/ H H HB(wj,r le) |:H ﬂB(m r+e)(737):| pil(lap_l)-

P
I=p+1 XP =g
l#p
Then, we deduce that

ess-sup  Yp(y)

yEB(x, e)f‘]X
< H 1B(e, r+e>($z)/ H H 1, ,m (@) H 1p(a,rte) (@;)du? " (1,p — 1).
l=p+1 g 11= 7+1

(7)
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Using similar ideas, one can prove that

ess-inf  Yp(y)

yEB(z,e)NX
k p—1 k p—1
> H ]13(1',7'76)(331)/ . H H HB(Ij,T‘)(‘rl) H ﬂB(w77,7€)(1“7‘)dup71(17p— 1)
I=p+1 XP78 o1 =j+1 j=1
l#p
(8)

From (7) and (8), we find that
ess-sup ¥,(y) — ess-inf 1, (9)

yEB(z,e)NX JEB(z,e)NX
k p—1 k
< I oo / T 11 560 @A @der (1,0 - 1)
I=p+1 Xrot i z:iﬂ
l#p

p—1
+A’;+1(x)/x . H

k p—1
H ]lB(xj,r) (l‘l) H ]lB(x,rfe)(xj)d:up_l(lap - 1)7
=1

J=11=j+1
I#p
where for ¢ < j we define Ai(m) = g:i LB (a,rte) (xg) — Hé:i 1B(x,r—e) (x9).

Therefore,

V/BE(X) osc(¢p, Be(x))da < ./BE(X) <./Xp_1 Ail’*l(x)dupfl(l,p -1+ A§+1(m)> dz. (9)
Since p is absolutely continuous we observe that
/ A @) (1, — 1) = u(Bla,r + Pt — u(Bla,r — o))
Xp-1

<(p—1) (B r+e6)—uBx,r—e) <clp—1)Leb(D(x)), (10)
where D(z) = B(x,r + €) \ B(z,r — €). For the second term in (9), we have

k k
/B A];H(x)dngeb ﬂ B(xp,r+e¢e)\ m B(xy,r —€)

«(X) l=p+1 l=p+1
k k
< Y Leb(B(x,r+€)\B(z,r —€)) = > Leb(D(x)). (11)
l=p+1 l=p+1

One can see that for any y € RY

N—-1
Leb(D(y)) < 2Coe S (Jl: ) <Nt Cpe (12)

k=0
Finally, from (9)-(12) we deduce that

[]o < sup € (c(p — 12N CheLeb(B. (X)) + (k — p)2N+1Coe) < Cle(l)_a,
0<e<eg

(13)
where Cy = ¢(p — 1)2¥ 1 CyLeb(X,,) + (k — p)2N*T1Cy.
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Thus, from (5) and (13), we obtain that (H2) is satisfied. Moreover, one
can show easily that Dy(u) = N and the proposition is proved. O

6. Proof of the Symbolic Case

In this section, we prove the symbolic case (Theorem 4.1). We emphasize that
even if the proof is based on the ideas of Theorem 7 in [10], the generalization is
not immediate and some extra care is needed. In particular, one needs to choose
carefully between several different (and equivalent) definitions for S, (see (14)
and (25)) so the proof goes smoothly when using the mixing assumptions. We
will focus on these extensions rather than the technical details that are similar
to the ideas in [10].

We also observe that next section is dedicated to Theorems 2.2 and 2.6
whose proofs follow the lines of the proof of Theorem 4.1 but are more complex
and technical. Thus, this section can be seen as a warm-up to Sect. 7.

We will assume that the system is a-mixing with an exponential decay,
the -mixing case can be easily deduced using the same ideas.

Proof of Theorem 4.1-(5). First, for € > 0 and k,, > 0 let us define

n—1 k

Sn(l‘l,...,xk) = Z H]lck”(ailml)(o-ill‘l)? (14)

i1yeeyin=01=2
and observe that

Sp(xt, ... 2P > 1 = M,(z',... %) > k,. (15)

Next, we compute the expectation of S,,. Since P is a o-invariant proba-
bility measure, we infer that

n—1 k
E(S,) = Z /Q |J]:[2/Q]len(Uilxl)(ailxl)dp(ml)l dP(z1)

01500y =0

n—1
- ¥ /Q]P’(Ckn(oilxl))k_ld]?(xl)znk/ P (Cx, ()" dP(z).

) - 19}
01,000 =0

Using the partition of k,,-cylinders, we infer that
E(S,) = n" Z/ P (Cx, N Cy, (z")" " dP(a!) = n S PG (16)
Ch,, Chn Ckp

Now we are ready to prove (5).
Define k,, = m(klogn—i—log logn). From (15), (16) and Markov’s
inequality, we find that

P* (My(at,... 2% > k) <E(S,) =n* Y P(Cr,)".
Ckn
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By the definition of the lower entropy and the definition of k,,, for n large
enough, we have

1
P* (M, (a',...,2%) > k,) < ogn’

Finally, choosing a subsequence ny = [e ], we know that

1 1

P (M, (2, ..., 2%) > k,,) < <

~ logny

Thus, >, P* (M, (z',...,2%) > k,,) < 4oco. By Borel-Cantelli Lemma, we
know that

M, (xt, ... %) - 1 i log log ny
log ng “(k—1)H,—¢ log ng
for Pk-almost every (z!,...,2%) € 2% and ¢ large enough. Since £ > 0 can be
chosen arbitrarily small we obtain that
1 k
mMw(ac,...,x)S k .
{—+o00 10g Ty (k — l)ﬂk

Observing that (ny)e is increasing, (M,,),, is increasing and limy_, 4 lolgixl =

1, we infer that the last inequality holds if we replace n; by n, and (5) is proved.
O

Proof of Theorem 4.1-(6). Let b < 0 to be chosen later. To prove (6), we set

1
k, = —————(klogn + bloglogn).
(k= H, <2 "8 glogn)
From (15) and Chebyshev’s inequality, we infer that
var(Sy,)
PF (M (2., 2%) < k,) =PF (S, (a',...,2") =0) < GAER (17)
In order to bound ‘I’Ea(réf;Q) = E(s%)(gf)(f ")2, we need to analyse the term
k
E(Si) - i, zk:ZO n—1 /.Qk lzl_IQ lckny(ailx”(ollﬂ)lckn (Uillxl)(onml)dpk(ml’ U xk)
iﬁ:...:ik:o:...:n—l
(18)

We will split this sum into two cases depending on the relative position of i,
and 1].

Let g = g(n) = log(n?**1). First of all, we observe that if |i; —i)| > g+k,
then the a—mixing condition gives that

/Q lo, (oirat) (a“acl)]lckn (oot (olrzh)dP(zh)

< a(g) + P (Cy, (0" ")) P (ckn (ai’lml)) . (19)
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If otherwise |i; — )| < g + ky,, then Hélder’s inequality infers that

' ) il il 1 i1 1\\1/2 i1y} 1/2
| ten eran(@a, g (@a)dPah) B (Cn, (0121) 2R (O (o hah))
(20)

Now suppose that ¢ — i, > g + k,, for every [ € {1,...,k} (the case
iy — 14, > g + k, can be treated identically). From (19) we find that

k
i 1l i1l ko 1 k
/leHQICk”(Uilwl)(alx Vg, (otiany (@ a)dP (@, 2")

dP(z1)

k
:/ {H/ Loy, (o) (02 1g, (g (0" )dP(a')
2 1=/ "
i -/ k—1
= a(g) + P (Ck, (0" z") )P (Cr, (o"1a" dP(z!
| (0@ + P (Cr.o"a)) P (Cr(e5ah)) " apia)
k—1

P (Cr, (Uilml))k_l P(Cr (o) ar(ah).
(21)

<@ - Dalg)+ [

2

To conclude the first case, we use the partition {Cy,, ﬂU*(“*i/l)C,’Cn Yo, c
of (2 to infer that

[ B (Cr e T R (Cn, o)) apt)
J 2
. . k— _
.S / o (G0 e) T B (O, ) )
.2 Jop,nem ey

= Y B(Ck, no TG RO, TB(C,) T

ChpnChyy
2
<alg)+ | D P(Cr)") -
Cry
(22)
Next, for p € {1,...,k}, assume that we have p pairs of close indices and
k — p pairs of distant indices. We will firstly treat the case where |iy — #}| <
g+kn. Without loss of generality, we can assume |iz —i5| < g+kp,. .. ,|ip —ip| <
g+ kn, lipyr — iy > g+ ks lig — i3] > g + kn. From (19) and (20), we
deduce that
k
il il k.1 k
ﬂkgl%wwﬂm ey, @itan (@ @@ 0
< [ (a@) +P (O (0 ) B (O, (o))
Q
i1,.1\)1/2 v o2\ 1
< (P (G, (o) B (0, oat)) ) apa)
< @7 = Dalg) + [ P(Cr, (1) TR (0, (0ah) T apet),
Q

(23)
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Using Holder’s inequality and the invariance of P, we obtain

. _ My k?*( +1)/2
[ B @utona) e () are
2

< / P (Ch, (z1) " "V dp(t) = Y B(Cy, )
2 Cr,,
(2k—p)/k

> P(Ck,)" : (24)

Ckp

where the last inequality came from the fact that = — z¥/(P%) is a countably
subadditive function.

If iy — )| > g + Ky, then since we have p > 1 pairs of close indices,
there exists at least one j € {2,...,k} such that |i; — 4| < g + k. In this
case, the estimations (23) and (24) could be done similarly using the following
equivalent definition of .S,

n—1 k .
Sa(a', o d®)y = Y7 [ 1o, (gsan(@a). (25)

i1,k =01=1
I#)

Now, gathering the estimates (18) and (21)—(24) we conclude that

i (2k—p)/k
var(S,,) < n**3Fa( —|—Z (k> k=P (g + ky) Z}P’ Ck,)
p=1 p Ckn
E
=n*3talg)+ ) ( )<g+kn>p <E<sn>><2’€—p>/’“] (26)
p=1 - p
Thus, (26) together with (17) gives us
Zk3ka(g) k (k) (g + k)P
P* (Mo (). .., 2%) < ky) < =2 O N Wl 7
( )= G g (E(S0))"*

By the definitions of k,, and (16), we observe that for n large enough we have
E(S,) > (logn)~", and since g = log (n?**1), we infer that

n**3ka(g) 0 1
E(S,)2 logn /-
We can choose b < —1 so that

IPk(Mn(xl,...,xk)<kn):(’)< L )

logn

To conclude the proof, it suffices to take a subsequence n, and use Borel—
Cantelli Lemma as in the proof of (5). O
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7. Proofs of the Main Results

In this section, we adapt the proof of Theorem 4.1 for multiple orbits (Theo-
rems 2.2 and 2.6). In order to do that, one must replace M,, by —logm,, and
the cylinders Cj(z) by balls B(z,e~*). However, one major drawback is that
for cylinders we have that « € C,(y) implies that C,(y) = Cy,(z) but, when
working with balls, z € B(y,r) does not imply that B(y,r) = B(x,r). This
simple fact prohibits us to define S, as in the previous section, in particular
in view of (25). To overcome this problem, we will need to define S,, as

n—1
Sn(xla"ka): Z H H II‘B(TJT] Tn) T”xl) (27)

i1,..,0=0 j=11=j+1

which will complexify our proofs. In particular, we will need to use the following
lemma in the proof of both theorems.

Lemma 7.1.

longk Hk:% Hf* ]lB(x r)(xl>d:uk(1ak)
k—1)D =i J= =j+1 i
= log

and

k—1 rrk
mbg ka Hj:l Hl:j+1 1B(x,,r (azl)d,uk(l, k)

k—1)D =
(k = 1)Di() = iy e

Proof. First of all, one can observe that for every (z1,...,x;) € X*

k
H H 13(1377‘) ‘Tl HHB(wl,r
=2

j=11l=j+1
Thus,

/ H H 1o, m(z)du" (1, k) < / (B (z,7)" "du(z).  (28)

Jj=1l1l=75+1

Moreover, one can observe that if {z;,z;} C B(z1,7r/2) then z; € B(z;,r).
Therefore,

k _
H]]- B(z1,r/2) LL‘[ H H ]]-B(xj,r)(xl)

1=2 J=11=j+1
for every (z1,...,x;) € X*, which implies that
k- 1 k
/Xu (B (az, 5)) /Xk 71_[11111 1B, ,r (@)du* (1,k). (29)

Using (28) and (29) and the fact that lim, lolg()(;/TQ) =1, we get the result.

O
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Proof of Theorem 2.2. As in the proof of Theorem 4.1-(6), it suffices to show
that

uk(mn(xl,...,xk)<rn):(’)( ! )

logn
For £ > 0, let us define

1
kn, = klogn +loglogn) and r, =e .
ERRAMEE :
Defining Sy, (21, ..., zx) as in (27), it is easy to see that for every (x1,...,2x) €
Xk
My (T1, ..., Tk) < Ty <= Sp(x1,...,28) > 1, (30)

where m,, was defined in (1). Then, from (30) and Markov’s inequality, we
deduce that

wF (mp (21, .. 2) < 1) <E(S,)

n—1 k-1 k
=2 /XkH I 156w @)dek (k)

11 yeey1=0 j=1l1l=j5+1
k—1 k
S”k/ I 11 15w, @odu k),
XEj=11=41

since y is invariant.

By Lemma 7.1 and the definition of k,,, for n large enough, we infer that
1
k k. (k—1)Dy () —e _
n(@1y. .., <rp) < N k = ,
w” (g, (21 ) <1p) <n’r Togn

and this is the desired conclusion. O

Before proving Theorem 2.6, we state a few facts in order to simplify the
calculations. At first let us recall the notion of (A, r)-grid partition.

Definition 7.2. Let 0 < A < 1 and r > 0. A partition {Q;}{2; of X is called a
(A, r)-grid partition if there exists a sequence {y;}$2, such that for any i € N

B(yi,AT) C Qz C B(yl,r)

The following technical lemma will be used during the proof. One can
observe that in the symbolic case, this lemma corresponds to (24). Moreover,
this lemma is a generalization of Lemma 14 in [10].

Lemma 7.3. Letp € {1,...,k—1}. Under the hypotheses of Theorem2.6, there
exists a constant K > 0 such that for n large enough

2
. k . P k
/Xk-_p H ]13<I_7'77"n)(ml) (/XPH H ]1B<I_7'7Tn)(zl)d:u‘p(17p)) d#kip(p+17k)
e

J=p+1i=5+1 J=li=j+1
(p+k)/k
k=1 &k
E(S, 2
<K (/Xk I II ]IB(JEJ',TH)(xl)de(luk")) :K< ( n)> ;

k
J=11=5+1 "

k—1

where dp? =i, j) denotes dp? =T (@4, ... xy), fori < j.
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Proof. By Proposition 2.1 in [27], there exist 0 < A < % and R > 0 such that
for any 0 < r < R there exists a (A, r)-grid partition.

Given 1 as in Definition 2.3, let us choose n large enough so that r, <
min{R,7/2}. Let {Q;}72; be a (), 5+)-grid partition and {y;}$2, be such that

B (yiA5) € Qi B (v, 3.

Using this partition, we infer that

2
k—1 k P k
/}(k‘*p H H ]lB(mjan)(Il) (/){p H H ]lB(CijTn)(ml)diu‘p(l’p)) d/"‘k_p(p"'_l:k)

J=p+1li=j+1 j=ll=j+1

2
k p
= /}(k*p H ]lB(prrlwn)(xl) (/Xp H ]lB(xj»Tn)(xp+l)de(1:P)> dﬂk_p(l"“ 1,k)
j=1

l=p+2

= /X u(B(pomn))P*’Hdu(wpm:Zi /Q iM(B(xpﬂ,rn))”k*ldu(wpﬂ)- (31)

Now, for 7 fixed, there exist k; elements {Q”}f:1 of the partition
{Qk}zozl such that Qi,j N B(yi, 27"n) 7é @ for ] = 17 ey k?z

Since the space is tight, there exists a constant Ky depending only on
Ny such that k; < Ko (see, for example, the proof of Theorem 4.1 in [27]).
Defining Q; ; = 0 for k; < j < K, we infer that

Ko
U Blrgerr) € Bl 2r) © | @ (3)
=1

Tp+1€Q:

From (32) we know that

K, p+k—1
; /(:2, : (B(xp-H, Tn))p+k71 d:“(xp-‘-l) = ; /Qm (; a (Qm)) dﬂ($p+1)

Ko p+k—1
= Z w(Qq) (Z jz (Qz‘,j))

i =1

Ko ptk Ko
SZ (ZM(QU)) SKé’*k‘lZZu(Qi,j)”k,

where the last inequality is deduced from Jensen’s inequality. Now, since the
elements @); ; cannot participate in more than Ky different sums (one can see
the arguments leading to (12) in [27]) and since z — x*/(P+*) is a countably
subadditive function, we infer that

3 [ B duapi) < KEE Y n(@0F

(p+k)/k

(p+k)/k k
< Kpt* (Zu(Qi))k> = K5 (Z [ ﬂwz)du’“(l,k)) - (33)
12 i " =1
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Note that for any y € Q;, we have Q; C B(y,r,). Thus, if {z1, -+, 2} C Qs

then we have x; € B(z;,r,) for any j,l =1,...,k and we conclude that
k k—1 k
Z/ H 1Qi($l)d,u,k(1,k) S/ H H ]IB(zj,'rn)(ml)de(l,k)- (34)
P Xk D Xk iZ1iZ54

k—1

Finally, (31), (33) and (34) give us
k P k 2
IT 150 (/X IT II 13<zj,rn>(xz)dup<1,p>) AP (p +1,k)

/ k—
XETP j=pt1i=j41 j=11=j+1

b1 k (p+k)/k
< K5t (/Xk 1T 11 IlB(a:j,rn)(wl)dH’k(lvk)) .

Jj=11=j+1
and the result follows with K = K2T%, O
We are now ready to prove Theorem 2.6.

Proof of Theorem 2.6. Without loss of generality, we will assume in the proof
that 0,, = e~ ™.
For £ > 0, let us define

1
(D)D) 1< logn bloglogn) and iy = ek,

Using the same notation as in the proof of Theorem 2.2, we recall that

ky =

k-1 &k
85w = [ TT TT Lo, (et (1.6) (35)
xR J=1 15541
To simplify our equations, from now on, we will denote by B(xz;) the set
B(zj,m).
Using (30) and Chebyshev’s inequality, we obtain

var(S
wF (mp (1, .. k) > 1) < pf (Sp(zy, ..., 2p) =0) < ( n2) (36)
E(Sn)
Thus, we need to control the variance of S,,. First of all, we have
k—1 k ) .
var(S,) = > / II II s Z”(T”zl)lB(Tﬂm )(Tl’:cl)dpk(l, k)—E(Sn)>.
iryeing=0,..m—17 X" j21 =41 /
i ir=0,...,n—1

Let g = g(n) = log(n") where v > 0 will be defined later.

We will split the last sum depending on the relative position of ¢; and 7.
Without loss of generality, we can always suppose i; > 7).

We first consider the case i1 — i} > g,... 1 — i), > g.

Since i1 — i} > g, then by (H1) and (H2),

. k—1 k
i y x
/Xk H H IlB(TI]21)(T”ml)lB(T';m])(Tllxl)d'u (1, k)
j=11l=j+1
k—1 &
_ i i
e J];[2 l—lylrl ot (T xl)]lB(Tisz)(lel) x
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k

x {/X I1 sty (T @) 1B (T @)dp(a)

=2

dpF7t(2, k)

I/\

k—1
/Xk . H H lB(T7a: )(T xl)lB(T, ) T'Lla?l)

j=21l=j+1
~1 2 —2
(2, k) + r; %0,

k k
{/ Hle)(T wl)dl»‘(wl)} {/ HHB(11>(Tiiitz)d/t(:c1) dp®
X =2

I+ec r*%a (37)

Now we use that io — 5 > g and the same ideas to find that
o1k | )
r= / H H B(T" x;) (T”:rl)]lB(T‘g z])(Tllxl)
2y

[

k k
X {H ]15(12)(T119El)/ 1B(2) (z2) H ﬂB(I,)(TZlIl)dH(Il)] dpu(z2)dp” 2 (3, k)
1=3 X

Ea-

k
Br-hay (T Il)/ g (T 22s) [] Lo, (1" fvl)du(wl)}
=3 =3

k
II 1e@i.,, @ TOL gty ) (T z))

k
></ 1@y (@2) [[ 15(a) (T @)1 50y (T 21)dp® (21, 22)
X2 =3
k

X/ Lp(ey) (@2) [] Logen (T @) Lo ey (THe)du® (w1, 22)dn" "2 (3, k) + ¢*r, 26,
X2 1=3

(38)

Applying this argument again, we will have on the p-th step (i, — i; >g)

- k-1 k
T , i] k
./ch ];I :H B(T" z; ) IZ)ILB(TIjzj)(TIml)d“ (1, k)
k—1 k
i , il
H H B(TLJIJ)(T xl)]lB(lexj)(lel)

{H i 1p(;) wz} [H 11 1) T’iz)} P(1,p)

Jj=1l=p+1

— P k
“Joo {H 1 s wz} [H 11 ﬂs<zj><Tiizl>} du? (1,p)du" 7 (p + 1, k)

j=11l=j+1 =1l=p+1
+Ppry 20, =: 1T + c2pr,240,. (39)
Therefore, when i1 — ¢} > g, ia —i5 > g¢,..., i — i}, > g we have

/ H H ]lB(TIJ:E ) T il'l) B(T )(T”xl)du (17k)

j=1ll=j+1
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< Pkr, %0, + / HHHB((L)Ildlu(lk) . (40)

j=1ll=j5+1
Now, if i1 —3} > g,ia—15 < g,..., ix — i}, < g, we first proceed as in (37)
and then, to estimate the term I, we use Holder’s inequality to find that

kE—1 k

. k
I = H H ]lB(TJm)(T x1) |:/Xl7H2]lB(ac1)(Tilzl)d“(zl):|

k—
XE =2 =541

k=1 k k
X H ]]'B(lezj)(T’lel) |:/X H 15(11)(Thxl)du(x1):| duk_1(27k)
j=21=j+1 =2
k—1 2 1/2
< /A H H IIB(T,OE ) T 1) [/ H]IB(J,I)(TlCKl)dH(ml):| dl/«k_l(2,k)
X \j=21=j+1

_ ok 2 1/2
(/ (H 1 Ly () | [ HnBW(T”mau(m)D du’“(z,k)) :
Xk-1 =2 1—j41 X =2

Finally, we use the invariance of p to conclude that

2

k=1 k k
IS/inl H H ]lB(a:j)(Qfl) l/XH]lB(xl)(xl)du(xl)] dﬂk_l(Q,k?)

J=21=j+1 1=2

Ak 1H H HB(%) 1) [/ HlB(wl zp)dp xl)] d:uk 1(2 k). (41)

J=21=j+1

In the case iy —i} > g,...,ip—ip, > gand ipy1—ip g < g,ooosin—1), < g,
we proceed as in (37)—(39) and then we use Holder’s inequality to infer that

= [ £+ 109+ LA+ LR
XFk—p

1/2

< (/in A+ 1,k)du*P(p+ 1, k)>1/2 (/inp gg(p+17k)duk—p(p+17k)) 7

where f(p+ 1,k) denotes the function f(zp41,...,2x) defined as

flp+1,k)= H H Lpriiay) (T"xy) x

Jj=p+1ll=j+1
p—1 p P k
X/ IT tsep@) [T II 1mey @ 2du?(1,p)
X j=11=j+1 j=11=p+1

gp+1,k) = H H]LB(T] (Thi2y) x

Jj=p+1i=j+1

/XPHHILB leHnB (T 2)dp? (1, p).

j=1i=j+1 j=1l=p+1
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Then, we use the invariance of u to infer that

Hg/
Xk—p

k-1

k P k 2
[T 15@)@) (/Xp II II ﬂB(xj)(Il)de(lyp)) du* P (p+ 1, k).

j=p+11=j+1 j=11=j+1

(42)
Finally, we observe that if iy — i} < g,..., ix — i}, < g then
k=1  k
‘ i (T k
ST T S @)L, (a1
j=11l=j5+1
k=1 k 4
< / T 1T Lo, @ @)dat (LK)
XPj=ti=11
k=1 k
- / T TI s (@it k) = n=E(S,). (43)
XFj=11=j+1

One can notice that all the other cases can be treated by symmetry.
Thus, from (36) and (40)—(43) we conclude that

i (mn (21, w) > ) <

= E(Sn)?
e

k—1
k _ _ _
+> (p)ngp% PgF P pr, %0, + gFE(Sn)
p=1

{n%chranGQ + kil (k>n2p+k7pgk7p
p=1

k—1

k . P k 2
H 1p(a;) (1) (/XPH H lB(zj)(wz)dup) dp*P(p +1,k)

j=p+1li=j+1 j=1l=j+1

Thus, by Lemma 7.3, we deduce

k—1
1 k

Mk (mn(z1,...,25) > 1) < CRE {n%cZkrn%Og + E: ( )np+kgkfpc2pr;2599
n p=1

k—1
k (p+k)/k
+ nPtrgk=p (n=FE(S,) + g*E(Sn)
5 (et tis)
PRkt £ YT ()RR P e, % ’S (;)g" L
= Uy E(Sn)2 = E(Sn)z—(erk)/k E(Sn)

By definitions of r,,, ky, (35) and Lemma 7.1, we observe that for n large
enough we have

E(S) > (logn) ™.

Since g = log (n?), we have for v large enough that

— k-1 — —
P () thgbretpr 2 (9< 1 >

g E(Sy,)? logn
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Then, we can choose b < —1 such that

’“i G (e AN
E(S,)2- @+ /k T E(S,) = ’

+
= 2= (log n)~bk=p)/k "~ (logn)=? logn
and we have
1
W (s ) zmo(logn). (44)
To conclude the proof, it suffices to take a subsequence n, and use Borel—
Cantelli Lemma as in the proof of (5). O

In order to simplify the proof of Theorem 2.7, we state and prove the
following technical lemma:

Lemma 7.4. Let ¢ be given by

p—1 k
(,O(I.Up) :/ H H ]lB(Ij)(ml) dp’p_l(Lp_l)'
XPot o1 i=541

and suppose that (HA) is satisfied. Then, there exist 0 < ro < 1, ¢ > 0 and
¢ > 0 such that for every p € {2,...,k}, for p*=P-almost every xp1,...,x) €

X and for any 0 < r <1y, the function ¢ belongs to H*(X,R) and
[lpllpe < er=e.

Proof. Let 0 <r < rp and x,y € X. We have

p—1 k
w@ =l =|[ T 1T s

j=11=j+1
I#p

p—1 p—1
H ]lB(m])<x) - H 13(17)(?/) dﬂp_l(lvp - 1)
j=1 j=1
p—1 p—1
= /X;H H1 Lo (5) = H1 Ly (2;)| AP~ (1,p = 1)
J= J=

p—2 1 p—1
SZ/X 1 115w @) [] 1ew()
1=0 Y XP77 =1

j=l+1
I+1 p—1
~[[ 1w @) [] 1@ ()| dw?~" (1,p—1)
J=1 j=l+2

p—2
< Z/X ‘ﬂB(w) ($l+1) — lB(y)(mH—l)‘ dﬂ(xl—&-l)
=0

= (p — 1) /X ’]lB(m)(Z) — ]lB(y)(Z)| du(z)
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If d(z,y) > r then

lo(z) =) <2(p—1) <
If otherwise d(x,y) < r, then from (HA) we conclude that
[9(0) = )] < (0= 1) [ L) (2) = T (2)| (2
< (p—1) [ (B(z,r)\ (B(z,r) N B(y,)))
+u(B(y, )\ (B(z,r) N B(y,)))]
< (p—Dp (B, r +d(z,y)\B(z,r — d(z,y)))
< (p—Dr4d(z,y)"”, (46)
and the lemma follows from inequalities (45) and (46). O

20Uy, (45)

Proof of Theorem 2.7. When our Banach space C is the space of Holder func-
tions, (H2) cannot be satisfied since characteristic functions are not continuous.
Thus, we need to adapt the proof of Theorem 2.6 to this setting, approximat-
ing characteristic functions by Lipschitz functions, following the construction
of the proof of Lemma 9 in [45]. We will only prove the key part here, which
is obtaining the equivalent of our inequality (39).

To do so, we fix ¢ € {1,...,p} and consider the following term:

1 _/ { H lp(riaa, )(T z)1 Ti;mq)(T”wl)

l=q+1

a—2 q—1 a—1 k
X/ H T 15@)@) H 1 1B (T @) | dpt=" (1,9 — 1)
(S Py ] j=11=q
—2 -1 a—1 k
/ H I 186, @) H H Bz (T ) | dut=1 (1, q — 1) | du(zq).
Xa=t il S j=1l=q

We assume [i, —i;| > g. Let p > 0 (to be chosen later). Let 7,, : [0,00) — R
be the ——-Lipschitz function such that ]l[o ] < M < Lo, (14-p)r,] and set

PTn

R H N, (d(z, 1)) (47)
l=q+1

We observe that Ptgi1yesTiosn

b k
II ts@r (@) < Priatizg s, T op,r (©) < [T tse.aipm (T ).
l=q+1 =g

(48)
Now we define the following auxiliary function

Prpigri, a1 Tk, (2q) = ‘PT%H%H,...,T%zk,r(irq) X

q—1 k
/Xq, H H Uy @) | | T TT Usen (T | dut=" (1, —(a9)

j=11=j+1 j=11l=q+1
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From Lemma 7.4, we observe that for x*~9t1-almost every Tgg1,--, Tk € X
and for any 0 < r < 1o the function @ belongs to H*(X,R) and

1P riaiigy s, rinayrllie S ™+ (k=aq)(pr) ™" < er™¢ +k(pr) ™
Using (H1), (48) and (49), we deduce that

. .
IS/XéTiq+l$q+17“'!Tikwk’Tn(quxq)éTi;Jrlqurl,H.,T%zk’rn(Tzqmq)dﬂ(xq)

= /X Priatizy s, Tiharr (zq)du(zy) /X Dot Caitr Tk (zq)dp(zq)

+0g H@Tl

atlgg i, Tiheag,r,

il i’
He T q+1zq+1 ..... T'kxp,rn He

< /}; ¢Tiq+1:cq+1,‘..,Tika,T’n (xq)d,u(a?q) /}( ¢Ti£1+193q+1,~-,Ti;“1k,7‘n (-Tq)d/.l/($q)
+(ery S+ k(prn)1)%0,. (50)

At this point we observe that the inequality (50) together with (48) will
not be sufficient to obtain our equivalent of (39) since the radius of the balls

will be (1 + p)ry, (instead of r,,). To overcome this problem, we use (HA). For
simplicity, we use the following notation:

q—2 q q—1 Kk
g(xq):/ I II 1eep@)| [T 11 1) @ )| dut="(1,q - 1).
Xt | j=11=5+1 j=11=q+1

Thus, from (48) we know that

o Pririsnap, @D = [ epii, i, () dn(e)
k

S/ 9@q) [ 1Bqg,(14pyrn) (T x)dp(zq)
X l=q+1

k
:/Xg(xq) I 5@, (T e)du(zy)

l=q+1

k k
+/X9(wq)< I 15@,.qeor @ e) - ] ]lB(zq,'rn)(T”wl)) dp(zq)

l=q+1 l=q+1
k

S/Xg(xq) I 5@y T e)du(zy)

l=q+1
k . k .
+u| () BT, (1 +p)ra)\ () B(Ta,rn) |- (51)
l=q+1 l=q+1
Using (HA) we conclude that

k k

pl () B, (L4 p)ra)\ [ BT,
l=q+1 l=q+1
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k
SM( U B(Tilxl’(l+p)rn)\B(Til$larn)
l

=q+1

k
< 3 u(B@ (14 p)ra) \ BT e, ) < (k= q)ry %% (52)
l=q+1

Then, from (51) and (52) and taking p small enough we infer that

| Preeiar e, e [ @ @)

k
S/ H Lp (e, (T" )
X

l=q+1
q—2 q qg—1 k )
/ IT 11 5@ T TI 1o (T 2)du (1, q — 1)du(z,)
Xt il =41 j=11l=g+1
k
< [ TI 15y @)
Xl:q+1
=2 q -1 k ‘
/ I II 1ee)@) IT TI 18, @ 2)dus="(1,q — 1)du(z,)
Xt j=t1=j+1 j=11=q+1

+3(k —q)r,*p’

-2 4 a Kk
:/Xq 1T 11 tsep@| {11 11 1se) @ 2)| dut(1,q)

J=1i=j+1 Li=1l=q+1
=2 q 1Te &
) / IT II o) | \IT T1 Loe) () | dut(l.q)
X [i=1i=i+1 | [i=ti=q+1
+3(k —q)r, < p".. (53)
Thus, since ¢ < k, (53) together with (50) gives us
-2 g [ 4 k
= / I 1T s |11 Lp(a;) (T"a1) | du(1,q)
X i=11=5+1 | j=11=q+1
=2 q 1 q k
X/ I I 2sep@)| [IT II Lee) @) | dui(1,q)
X ==t | li=1i=g+1
+3kr, 507 + (ery© + k(pry) )20,
Repeating this process for each ¢ € {1,...,p}, we obtain our equivalent

of (39)

k—1 k
1 o (Tha)l 0 (Tha)du*(1,k
/XI:[l:H+ pertsay TN o (Ta)an (k)
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< 3pkr, *p° + 1D(CT‘C + k(prn)~")%0,
k—1

1, Tig)l . (TH
+/X 11 H 25) T" ) B(thzj)( z7)

k— .
P j=p+1i=j+1

.k
/ {H H 1p(z;) ﬂfz} [H H B(r)Tlxl):| duP(1,p)

j=1ll=j+1

P k
/ {H H 1p(z;) ml} [H IT 156 Tlﬂ?z)} duP (1,p)dp* P (p + 1k).

J=11=j+1 =11=p+1

Thus, the rest of the proof follows exactly as in Theorem 2.6 where at the end,
one must choose p = n~% with § large enough so that (44) holds. O

Proof of Theorem 3.2. The proof follows the lines of the proof of Theorems 2.2
and 2.7, replacing S,, by

n—1
Sﬁ(zl,...,xk): Z H H 1 lB(f(TJJJ),rn)(T 1)

U1 yeees i,=0 j=11=j5+1

Another modification worth mentioning is that in (47), @z, .. ...z;r, () must
be replaced by

k
Ol iranr @ =TT 00, (@d(f (@), f(20))),

l=q+1

which is a %—Lipsohitz function (if f is L-Lipschitz). O
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