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a b s t r a c t

In this paper we study the Cauchy problem associated with the one-dimensional
integro-di�erential nonlocal derivative nonlinear Schrödinger equation in the Besov
space B

1
2 ,1
2 (R). The local well-posedness for small initial data in B

1
2 ,1
2 (R) is

established. Our method of proof combines the contraction principle applied to the
associated integral equation together with interpolations of some smoothing e�ects
(Kato’s smoothing e�ects, Strichartz estimate and estimates for the maximal
function) for phase localized functions associated to the linear dispersive part of
the equation, and a fractional vector-valued Leibniz’s rule derived by Molinet and
Ribaud in (2004).

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

This paper is concerned with the initial value problem (IVP) associated with the one-dimensional
integro-di�erential nonlocal derivative nonlinear Schrödinger equation (INL-NLS)

;
ˆtu + i–ˆ

2
x
u = 2—uP+ˆx(|u|

2) ≠ i—kuLh(|u|
2) + i“|u|

2
u,

u(x, 0) = u0(x) (x, t) œ R ◊ R, (1)

where u = u(x, t) is a complex-valued function, k œ {0, 1}, –, — and “ are real non-negative parameters with
– ”= 0, — ”= 0, P+f = F

≠1
{‰[0,+Œ)(·) ‚f(·)} = 1

2 (1 + iH)f and Lh is the operator defined by

Lhf = (H ≠ Th)ˆxf, (2)

with H to denote the Hilbert transform defined via Fourier transform by

(Hf)·(›) = ≠isgn(›) ‚f(›)

ú Corresponding author.
E-mail addresses: vbarros@impa.br (V. Barros), mourapr@ufpi.edu.br (R. de Moura), gleison@ufpi.edu.br (G. Santos).

https://doi.org/10.1016/j.na.2019.05.005
0362-546X/© 2019 Elsevier Ltd. All rights reserved.



V. Barros, R. de Moura and G. Santos / Nonlinear Analysis 187 (2019) 320–338 321

and Th denotes the singular integral operator

Thf(x) = 1
2h

p.v.
⁄ +Œ

≠Œ
coth

3
fi(x ≠ y)

2h

4
f(y)dy,

where p.v. is the Cauchy principal value of the integral and 0 < h Æ Œ.
Note that limhæŒ Lhf = 0 almost everywhere, that is, limhæŒ Thf = Hf a.e..
This general model was proposed by D. Pelinovsky and R. Grimshaw [20–22] to study the evolution of

quasi-harmonic wave packets at the interface of a two-layer system, where the upper layer is shallow and the
lower one is deep if compared to length scale of quasi-harmonic wave packets. The parameter h is proportional
to the depth of the fluid. If one of the fluids is infinitely deep, i.e., h æ Œ (k = 0), we have the nonlocal
nonlinear Schrödinger equation (NL-NLS)

ˆtu + i–ˆ
2
x
u = 2—uP+ˆx(|u|

2) + i“|u|
2
u, (x, t) œ R ◊ R, (3)

while with both fluids of finite depth (k = 1), the equation in (1) is the intermediate nonlocal nonlinear
Schrödinger one (INL-NLS)

ˆtu + i–ˆ
2
x
u = —u(1 + iTh)ˆx(|u|

2) + i“|u|
2
u, (x, t) œ R ◊ R. (4)

In [20] it was showed that Eqs. (3) and (4) with “ = 0 are integrable. Their inverse scattering was
constructed in [21]. Several other physical properties of these equations have been studied by Matsuno [8–14].

For u solution of (1) and

v = v(x, t) = exp
3

i
—

2–

⁄
x

≠Œ
|u(y, t)|2dy

4
u(x, t), (5)

the following quantities are conserved:

Q(v) =
⁄

R
|v|

2
dx, (6)

E(v) =
⁄

R

Ó
–|ˆxv|

2 + —

2 |v|
2
Hˆx(|v|

2) ≠
—k

2 |v|
2
Lh(|v|

2) + —
2

4–
|v|

6 + “

2 |v|
4
Ô

dx. (7)

Then, for the original equation we have the following conserved quantities along the flow of (1):

Q(u) =
⁄

R
|u|

2
dx,

E(u) =
⁄

R

Ó
–|ˆxu|

2
≠ —|u|

2
Im(uˆxū)+ —

2 |u|
2
Hˆx(|u|

2)≠ —k

2 |u|
2
Lh(|u|

2)+ —
2

2–
|u|

6 + “

2 |u|
4
Ô

dx.

From the mathematical viewpoint, a few works are available in the current literature for the NL-NLS
and INL-NLS equations. As far as we know, the only works concerning well-posedness for (1) are due to
Angulo/Moura [2], Moura [17] and Moura/Pilod [18]. In [17], R. Moura showed that the IVP associated to
(1) is locally well-posed for small initial data in Sobolev spaces H

s(R) for s Ø 1, and taking advantage of
the quantities (6) and (7) with – = — = 1, the solution extends globally in time for initial data in H

1(R).
In [2], Angulo/Moura give a rigorous proof that a Picard interaction scheme can not be applied for solving
the Cauchy problem (1) with data in Sobolev spaces of negative index, study the asymptotic behavior of
solution with respect to spatial variable and also establish the nonexistence of standing wave solutions.
In [18], Moura/Pilod improved the local well-posedness (LWP) theory obtained in [17] without assuming
any restriction on the initial data. More precisely, it was proved the local well-posedness with initial data in
the Sobolev space H

s(R) for s >
1
2 .

Our goal here is to prove LWP for small initial data in the inhomogeneous Besov space B

1
2 ,1
2 (R). Through-

out the paper, by well-posedness we mean existence, uniqueness, persistence property, and continuous
dependence upon the initial data. Moreover, by a solution we mean a solution in the sense of the associated
integral equation. Our result is the following (for the definitions of the space XT see notation (27)).
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Theorem 1.1. There exists ” > 0 such that for any u0 œ B

1
2 ,1
2 (R), with Îu0Î

B

1
2 ,1
2

< ”, there exist

a positive time T = T (Îu0Î
B

1
2 ,1
2

) with T (Îu0Î
B

1
2 ,1
2

) æ Œ when Îu0Î
B

1
2 ,1
2

æ 0, a space XT such that

XT Òæ C([≠T, T ]; B

1
2 ,1
2 (R)), and a unique solution u to the Cauchy problem (1) in XT . Furthermore,

for any T
Õ

œ (0, T ) there exists ‘ > 0 such that the flow-map data-solution is Lipschitz from {Âu0 œ

B

1
2 ,1
2 (R); ÎÂu0 ≠ u0Î

B

1
2 ,1
2

< ‘} into XT Õ .

It is known that the main di�culty when one deals with equations containing derivatives in the nonlinear
term, is to overcome the so-called loss of derivatives. For the equation in (1), the terms 2uP+ˆx(|u|

2) and
u(1 + iTh)ˆx(|u|

2) impose an additional obstacle, since the operator Th (including the Hilbert transform
H) is skew-adjoint we are not allowed to perform a gauge transformation to remove the derivatives on the
nonlinearity as occurs with the derivative nonlinear Schrödinger equation (8) with µ = 0. We also remark
that the approach based on Kato’s smoothing e�ect and maximal estimate for the linear operator as that
performed by Kenig, Ponce and Vega in [7] seems to provide well-posedness only for initial data H

s(R) with
s > 1/2. But such a result was already reached in [18]. The lack of maximal estimate in Sobolev spaces H

s

with s Æ 1/2 motivated us to choose Besov spaces rather than Sobolev spaces.
In [24], Takaoka proved that the IVP associated to the more general derivative Schrödinger equation

iˆtu + ˆ
2
x
u = i⁄|u|

2
ˆxu + iµu

2
ˆxu, (8)

where u = u(x, t) is a complex-valued function, and ⁄ and µ are two complex constants, is locally well-posed
in H

s(R) with s Ø
1
2 . He used the same gauge transformation as in [19] to cancel the term ⁄|u|

2
ˆxu in the

nonlinearity and the Fourier restriction norm method, developed by Bourgain and Kenig, Ponce and Vega,
to handle the term µu

2
ˆxu.

It is worth noticing that the methods employed by Takaoka [24] do not seem to apply in the case of the
IVPs associated to Eqs. (3) and (4), since those equations are gauge equivalent to

ˆtv + i–ˆ
2
x
v = i

3—
2

4–
|v|

4
v + i—vThˆx(|v|

2) + i“|v|
2
v, 0 < h Æ Œ, (9)

via the change of variable (5) and, as observed in the introduction of [24], the Fourier restriction norm
method seems inapplicable to the nonlinearity |v|

2
ˆxv, appearing implicitly in the nonlinear part of (9).

In order to prove our result we follow the recent approach introduced by Molinet and Ribaud for the
generalized Benjamin–Ono equation [16]. Our strategy combines the contraction principle applied to the
associated integral equation

u(t) = U(t)u0 + 2
⁄

t

0
U(t ≠ s)(2—uP+ˆx(|u|

2) ≠ i—kuLh(|u|
2) + i“|u|

2
u)(s)ds (10)

together with interpolations of some linear estimates (Kato’s smoothing e�ects, Strichartz estimate and
estimates for the maximal function) for phase localized functions associated to the linear dispersive part of
the equation, and a fractional vector-valued Leibniz’s rule derived by Molinet and Ribaud
in [15].

The work is organized as follows. In Section 2 we present the notation, auxiliary lemmas and the resolution
space. In Section 3 some linear estimates determined by the group {e

≠itˆ
2
x}

Œ
t=≠Œ for phase localized functions

are deduced from their corresponding non-localized version. We finish with nonlinear estimates and the proof
of Theorem 1.1.



V. Barros, R. de Moura and G. Santos / Nonlinear Analysis 187 (2019) 320–338 323

2. Notation, auxiliary lemmas and the resolution space

Given any positives constants C, D, by C . D we mean that there exists a constant c > 0 such that
C Æ cD; and, by C ≥ D we mean C . D and D . C. Given two operators A and B, we denote by
[A, B] = AB ≠BA the commutator between A and B. By F{u} or ‚u we will denote the Fourier transform of
u with respect to the space variable x, while F

≠1
{u} or ǔ will denote its inverse Fourier transform. L

p-norms
will be written as Î · Î

L
p
x

or Î · ÎLp if no confusion is caused. For 1 Æ p, q < Œ and f : R ◊ [0, T ] æ R, we
define

ÎfÎ
L

p
xL

q
T

= Î Îf(·, ·) Î
L

q
T

Î
L

p
x

.

ÎfÎ
L

q
T

L
p
x

is similarly defined, and when p = Œ or q = Œ, ÎfÎ
L

p
xL

q
T

is defined in the natural form. When
p = q, we will write ÎfÎ

L
p
xL

q
T

as ÎfÎ
L

p
x,T

.

S(R) will represent the Schwartz space. For s œ R (and f œ S
Õ) J

s = F
≠1

1
(1 + | · |

2) s
2 ‚f

2
will be the

Bessel potential of order ≠s, D
s

x
f = F

≠1
1

| · |
s ‚f

2
denotes the Riesz potential of order ≠s, and ÂDs

x
= HD

s

x
.

The space H
s(R) is the usual Sobolev space with norm Î · Î

Hs := ÎJ
s
· Î

L2 .
Let Â œ S(R) be such that, 0 Æ Â Æ 1, Â(›) = 1 for |›| Æ 1, and Â(›) = 0 for |›| > 2. We define

Ï(›) = Â(›) ≠ Â(2›), Ïj(›) = Ï(2≠j
›) (j œ Z),

so that ÿ

jœZ
Ïj(›) = 1, › ”= 0, and supp (Ïj) µ {2j≠1

Æ |›| Æ 2j+1
}.

We note that Â(›) = 1 ≠
q

jØ1 Ïj(›).
Next, we define the Littlewood–Paley multiplier as

�jf = (Ïj
‚f)‚ = Ï

‚
j

ú f, and Sjf =
ÿ

kÆj

�kf, with f œ S
Õ
, j œ Z. (11)

Note that
S0f = (Â ‚f)‚

, ’ f œ S
Õ(Rn), (12)

(S0 is the projection in low frequency)

supp ‰Sjf ™ { › : |›| Æ 2j+1
} and for |›| Æ 2j

, ‰Sjf(›) = ‚f(›), (13)

supp ‰—jf ™ { › : 2j≠1
Æ |›| Æ 2j+1

}, (14)

f =
ÿ

jœZ
—jf = S0f +

ÿ

jØ1
�jf = S0f + Phigf, (15)

fg = S0fS0g +
ÿ

rØ0
(Sr+1fSr+1g ≠ SrfSrg)

= S0fS0g +
ÿ

rØ0
(�r+1fSrg + �r+1gSr+1f), (16)

�j(S0fS0g) = 0, for all j Ø 3, (17)

and,
�j{

ÿ

rØ0
(�r+1fSrg + �r+1gSr+1f)} = �j{

ÿ

rØj

(�r≠2fSr≠3g + �r≠2gSr≠2f)}. (18)
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If we define Â�j :=
q1

k=≠1 �j+k, then we have that

Â�j ¶ �j = �j . (19)

Let Cr, r œ N, be positive real constants. Then
ÿ

jØ1

ÿ

rØj

2j
Cr Æ

ÿ

rØ0
2r

Cr. (20)

In fact,
ÿ

jØ1

ÿ

rØj

2j
Cr =

ÿ

jØ1

ÿ

rØ0
‰Æ0(j ≠ r)2j≠r2r

Cr =
ÿ

rØ0
2r

Cr

ÿ

jØ1
‰Æ0(j ≠ r)2j≠r

Æ

ÿ

rØ0
2r

Cr

ÿ

lØ0
2≠l = 2

ÿ

rØ0
2r

Cr.

We will denote by P+f = F
≠1

{‰[0,+Œ)(·) ‚f(·)} and P≠f = F
≠1

{‰(≠Œ,0](·) ‚f(·)} the projection in positive
and negative frequencies of f , respectively. We also define

Phigf = (1 ≠ S0)f, P+higf = P+Phigf and P≠higf = P≠Phigf.

It is well known that Phig and P±hig are continuous operators on L
p

x
L

q

T
, for any 1 Æ p, q Æ Œ. From the

definitions of S0 and Phig, it follows that Phig ¶ S0 = 0.
In the next lemma we state some results about Littlewood–Paley multipliers whose proof can be found

in [3], Lemma 6.2.1, page 140:

Lemma 2.1. Let 1 Æ p Æ Œ and f œ S
Õ be such that —jf œ Lp. Then for all s œ R,

(i) ÎJ
s

—j fÎp Æ c2sj
Î —j fÎp, ’ j Ø 1,

(ii) ÎD
s

—j fÎp Æ c2sj
Î —j fÎp, ’ j œ Z,

(iii) ÎJ
s
S0fÎp Æ cÎS0fÎp,

with c independent of p and j.

We also have the following version of estimate (ii) in Lemma 2.1 for mixed spaces.

Lemma 2.2. Let f : R ◊ [0, T ] ≠æ C (0 < T < Œ) be a smooth function and p, q œ [1, Œ]. Then for any
j œ N,

ÎD
s

x
�jfÎ

L
p
xL

q
T
. 2js

Î�jfÎ
L

p
xL

q
T

(s œ R). (21)

The estimate (21) also holds with ˆ
k

x
(k œ N) in place of D

s

x
.

Proof. We follow the proof of Lemma 2.2 in [23], in which the estimate (21) is proven for ˆ
k

x
, k œ N. From

(19), Minkowski and Young inequalities we have

Î —j D
s

x
fÎ

L
p
xL

q
T

= Î Â—
j

—j D
s

x
fÎ

L
p
xL

q
T

= ÎD
s

x
(ÂÏj)

‚
ú —jfÎ

L
p
xL

q
T

. ÎD
s

x
ˇ̃ÏjÎ

L1
x

Î —j fÎ
L

p
xL

q
T

.

Since ÂÏ œ S, we get

ÎD
s

x
ˇ̃ÏjÎ

L1
x

= 2js

⁄

R
|

⁄

R
e

i2j
x·÷

| ÷ |
s

Ï̃(÷)d÷ | 2j
dx = 2js

⁄

R
|

⁄

R
e

iy·÷
| ÷ |

s
Ï̃(÷)d÷ | dy

= 2js
ÎD

s ˇ̃ÏÎL1 Æ C2js
,

and thus, the result is proven. ⇤
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The following commutator estimate will be important to reach our results.

Lemma 2.3. Let – œ (0, 1) and 0 Æ — < 1 ≠ –. If p, p1, p2, q, q1, q2 œ (1, Œ) are such that 1
p

= 1
p1

+ 1
p2

and 1
q

= 1
q1

+ 1
q2

, then
ÎD

—

x
([D–

x
, f ]g)Î

L
p
xL

q
T
. ÎgÎ

L
p1
x L

q1
T

ÎD
–+—

x
fÎ

L
p2
x L

q2
T

.

Moreover, the value q1 = Œ is guaranteed when — > 0. The lemma is still valid with ÂD–

x
, P+D

–

x
or P+ ÂD–

x
in

place of D
–

x
.

Proof. See Lema 3.7 in Molinet and Ribaud [15]. ⇤

Let s œ R, 1 Æ p, q Æ Œ. The Besov spaces B
s,q

p
(R) are defined by

B
s,q

p
= {f œ S

Õ(R); ÎfÎ
B

s,q
p

= ÎS0fÎLp +
!ÿ

jØ1
2qjs

Î�jfÎ
q

Lp

" 1
q

< Œ }.

The homogeneous Besov spaces are defined as

Ḃ
s,q

p
= {f œ S

Õ(R); ÎfÎ
Ḃ

s,q
p

=
!ÿ

jœZ
2qjs

Î�jfÎ
q

Lp

" 1
q

< Œ }.

In the next lemma, we list some facts about Besov spaces and homogeneous Besov spaces. For the proofs
we refer the reader to [3]:

Lemma 2.4. Let s, s1, s2 be real numbers. Then the following properties hold:
(i) If s1 < s2 then ÎfÎ

B
s1,q
p

Æ ÎfÎ
B

s2,q
p

;
(ii) If 0 /œ supp ‚f then ÎfÎ

Ḃ
s,q
p

ƒ ÎfÎ
B

s,q
p

,
(iii) If s = 1

p
≠

1
r

then ÎfÎLr Æ ÎfÎ
B

s,1
p

.

Proof. For the proof of (i) see Theorem 6.2.4 in [3]. The proof of (ii) can be found in [3], Theorem 6.3.2.
For item (iii) see the proof of Theorem 6.5.1 in [3]. ⇤

We also need the following estimate for the operator Lh defined in (2).

Lemma 2.5. There exists C = C(h) > 0 such that

ÎLhfÎ
B

1
2 ,1
2

Æ CÎfÎ
B

1
2 ,1
2

, (22)

for any f œ B

1
2 ,1
2 (R).

Proof. Expanding in series the term coth(h›) of ‰Lhf(›) = (|›| ≠ › coth(h›) + 1
h

) ‚f(›), we get

0 Æ |›| ≠ › coth(h›) + 1
h

Æ
2
h

,

which implies (22). For more details, we address the reader to reference [1], Lemma 4.1. ⇤

We finish this section defining our space of resolution. Given T > 0, we define the following semi norms:

N1(u) = ÎS0uÎ
L

Œ
T

L
2
x

+
ÿ

jØ1
2

j
2 Î�juÎ

L
Œ
T

L
2
x
, (23)
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N2(u) = ÎS0uÎ
L

Œ
x L

2
T

+
ÿ

jØ1
2j

Î�juÎ
L

Œ
x L

2
T

, (24)

N3(u) = ÎS0uÎ
L

2
xL

Œ
T

+
ÿ

jØ1
Î�juÎ

L
2
xL

Œ
T

, (25)

N4(u) = ÎS0uÎ
L

4
x,T

+
ÿ

jØ1
2

j
2 Î�juÎ

L
4
x,T

, (26)

Then let XT be the Banach space

XT = { u œ C([≠T, T ], B

1
2 ,1
2 (R)); ÎuÎXT

< Œ}, where ÎuÎXT
=

4ÿ

m=1
Nm(u). (27)

3. Linear estimates

In this section we present some estimates associated to the solution of the linear IVP
;

ˆtu + iˆ
2
x
u = f(x, t),

u(x, 0) = „(x) (x, t) œ R ◊ R, (28)

Let
U(t)„(x) =

⁄

R
e

i(x›+t›
2) ‚„(›)d›

be the solution to the linear homogeneous problem associated to (28) (with f = 0). We will also make
frequent use of estimates for the retarded operator I defined by

I(f)(t) =
⁄

t

0
U(t ≠ t

Õ)f(tÕ)dt
Õ
. (29)

Thus the solution of (28) can be written as

u(t) = U(t)„ + I(f)(t).

In order to simplify the notation, we employ the following definition as in Molinet and Ribaud [15].

Definition 3.1. We say that a triplet (–, p, q) œ R ◊ [2, Œ]2 is
(i) 1-admissible, if and only if,

(–, p, q) = (1
2 , Œ, 2) or p œ [4, Œ), q œ [2, Œ], 2

p
+ 1

q
Æ

1
2 , – = 1

p
+ 2

q
≠

1
2 ;

(ii) 2-admissible, if and only if,

2 < p, q < Œ,
1
p

+ 1
q

Æ
1
2 – = 1

p
+ 3

q
≠ 1.

(iii) 2ú-admissible if, and only if, it is 2-admissible and 4 Æ p < Œ.

3.1. Linear estimates for the free and the inhomogeneous evolutions.

We first list the smoothing e�ects and Strichartz estimates obtained by Molinet and Ribaud in [15]
interpolating previous results of Kenig, Ponce and Vega in [5,6].

Lemma 3.2. Let be (–, p, q) œ R ◊ [2, Œ]2 and 0 < T < 1.

(i) If (–, p, q) is 1-admissible, then

ÎD
–

x
U(t)„Î

L
p
xL

q
T
. Î„Î

L2 , ’ „ œ S(R). (30)
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(ii) If (–, p, q) is 2-admissible, then

ÎJ
–

x
U(t)„Î

L
p
xL

q
T
. Î„Î

L2 , ’ „ œ S(R). (31)

(iii) If (–, p, q) is 2ú-admissible, then

ÎD
–

x
U(t)„Î

L
p
xL

q
T
. T

1
4 ≠ 1

2q Î„Î
L2 , ’ „ œ S(R). (32)

Proof. See [15], Proposition 2.3. ⇤

Note that the estimate (i) in Lemma 3.2 generalizes the classical Kato’s estimate

ÎD

1
2
x U(t)„Î

LŒ
x L2

T
. Î„ÎL2 .

We also observe that Lemma 3.2 does not cover the triplets (≠s, 2, Œ), s > 1/2, since they are not
admissible. These triplets were covered by Kenig, Ponce and Vega who proved the following L

2 maximal
function estimate:

Lemma 3.3. For any s > 1/2 and 0 < T Æ 1, it has

ÎU(t)„Î
L

2
xL

Œ
T

. Î„Î
Hs . (33)

Proof. See [7], Theorem 3.1. ⇤

Making use of the so-called Christ/Kiselev Lemma [4], Molinet and Ribaud deduced the following retarded
estimates from the above nonretarded ones.

Lemma 3.4. Let (–1, –2) œ R2, (r1, r2) œ R2
+ and 1 Æ p1, q1, p2, q2 Æ Œ be such that, given „ œ S(R),

ÎD
–1
x

U(t)„Î
L

p1
x L

q1
T

. T
r1Î„Î

L2 , (34)

ÎD
–2
x

U(t)„Î
L

p2
x L

q2
T

. T
r2Î„Î

L2 . (35)

Then for all f œ S(R2),
ÎD

–2
x

I(f)Î
L

Œ
T

L
2
x
. T

r2ÎfÎ
L

p̃2
x L

q̃2
T

, (36)
..D

–1+–2
x

I(f)
..

L
p1
x L

q1
T

. T
r1+r2ÎfÎ

L
p̃2
x L

q̃2
T

, (37)

provided
min(p1, q1) > max(p̃2, q̃2) or (q1 = Œ and p̃2, q̃2 < Œ), (38)

where p̃2, q̃2 are defined by 1
p̃2

= 1 ≠
1
p2

and 1
q̃2

= 1 ≠
1
q2

.

Proof. See [15], Proposition 2.7. ⇤

Corollary 3.5. For any 0 < T Æ 1,

ÎD

1
2
x I(f)Î

LŒ
T

L2
x
. ÎfÎ

L1
xL2

T
.

Proof. It is enough to note that the triplet (0, 4, 4) is 2-admissible and the triplet ( 1
2 , Œ, 2) is 1-admissible,

and apply Lemma 3.4 with –1 = 0, p1 = q1 = 4, –2 = 1/2, p2 = Œ, q2 = 2. ⇤
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We close this subsection with the following estimate not covered in Lemma 3.4:

Lemma 3.6. For any 0 < T Æ 1,
ÎˆxI(f)Î

LŒ
x L2

T
Æ ÎfÎ

L1
xL2

T
.

Proof. We refer to [7], Theorem 2.3. ⇤

3.2. Linear estimates for phase localized functions.

Here we are going to follow the idea from Molinet and Ribaud in [16] to obtain linear estimates for phase
localized functions. We begin with the version of Lemma 3.2 for phase localized functions.

Lemma 3.7. Let „ œ S(R), (–, p, q) œ R ◊ [2, Œ]2, j œ Z and 0 < T < 1.

(i) if (–, p, q) is 1-admissible or 2-admissible, then

ÎU(t) —j „Î
L

p
xL

q
T
. 2≠j–

Î —j „ÎL2 .

(ii) If (–, p, q) is 2*-admissible, then

ÎU(t) —j „Î
L

p
xL

q
T
. T

1
4 ≠ 1

2q 2≠j–
Î —j „ÎL2 .

Proof. Let „ œ S.
(i) Using Lemma 2.2 and the fact that supp ‚�j ™ { › : 2j≠1

Æ |›| Æ 2j+1
} we have,

ÎU(t)�j„Î
L

p
xL

q
T

= ÎU(t)D≠–

x
D

–

x
�j„Î

L
p
xL

q
T
. 2≠j–

ÎD
–

x
U(t)�j„Î

L
p
xL

q
T

.

Since

ÎD
–

x
U(t)�j„Î

L
p
xL

q
T
s ÎJ

–
U(t)�j„Î

L
p
xL

q
T

the required estimate follows from Lemma 3.2.
(ii) It follows from the same ideas of item (i). ⇤

Now we give an estimate involving the operator S0.

Lemma 3.8. If s Ø 0, p Ø 2 and 1 Æ q Æ p Æ Œ, then

ÎS0U(t)Ds

x
„Î

L
p
xL

q
T
. T

1/q
ÎS0„Î

L2 .

Proof. From Hölder’s inequality we deduce that
ÎS0D

s

x
U(t)„Î

L
p
xL

q
T

Æ T
p≠q

p ÎS0D
s

x
U(t)„Î

L
p
x,T

.
Using now Sobolev’s embedding and properties of the operators S0 and U(t) we see that,

ÎS0U(t)Ds

x
„Î

L
p
x,T

Æ ÎD
r+s

x
S0U(t)„Î

L
p
T

L
2
x
. ÎS0„Î

L
p
T

L
2
x

Æ T
1
p ÎS0„Î

L
2
x
,

where r >
1
2 ≠

1
p
. Thus the lemma is proved. ⇤
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We now present the phase localized estimate for the maximal function in L
2.

Lemma 3.9. Given „ œ S(R) and 0 < T Æ 1, it holds

ÎU(t) —j „Î
L2

xLŒ
T

. 2
j
2 Î —j „Î

L2
x
. (39)

Proof. See Molinet and Ribaud [16], estimate (28) in Proposition 4. ⇤

The phase localized version of Lemma 3.4 reads as follows.

Lemma 3.10. Let (–1, –2) œ R2, (r1, r2) œ R2
+ and 1 Æ p1, q1, p2, q2 Æ Œ be such that, for each „ œ S(R),

ÎU(t)�j„Î
L

p1
x L

q1
T

. T
r12≠j–1Î�j„Î

L2 , (40)

ÎU(t)�j„Î
L

p2
x L

q2
T

. T
r22≠j–2Î�j„Î

L2 . (41)

Then for any f œ S(R2),
ÎI(�jf)Î

L
Œ
T

L
2
x
. T

r22≠j–2Î�jfÎ
L

p̃2
x L

q̃2
T

,

ÎI(�jf)Î
L

p1
x L

q1
T

. T
r1+r22≠j(–1+–2)

Î�jfÎ
L

p̃2
x L

q̃2
T

,

provided
min(p1, q1) > max(p̃2, q̃2) or (q1 = Œ and p̃2, q̃2 < Œ),

where p̃2, q̃2 are defined by 1
p̃2

= 1 ≠
1
p2

and 1
q̃2

= 1 ≠
1
q2

.

Proof. From Lemma 2.2 we have

ÎD
–k
x

U(t)�j„Î
L

pk
x L

qk
T

. 2j–k ÎU(t)�j„Î
L

pk
x L

qk
T

, k = 1, 2. (42)

Now we use the hypothesis (40)–(41) in (42) to infer that

ÎD
–1
x

U(t)�j„Î
L

p1
x L

q1
T

. T
r1Î�j„ÎL2 ,

ÎD
–2
x

U(t)�j„Î
L

p2
x L

q2
T

. T
r2Î�j„ÎL2 .

Now it is enough to apply Lemma 3.4. ⇤

Corollary 3.11. Let 0 < T Æ 1. Then

ÎI(�jf)Î
LŒ

T
L2

x
. 2≠ j

2 Î�jfÎ
L1

xL2
T

.

Proof. First we note that the triplet (0, 4, 4) is 2-admissible and the triplet ( 1
2 , Œ, 2) is 1-admissible. Then

we apply Lemma 3.7 to infer that

ÎU(t)�j„Î
L

4
x,T

. Î�j„ÎL2 and ÎU(t)�j„Î
LŒ

x L2
T
. 2≠ j

2 Î�j„ÎL2 .

Thus, the result follows from Lemma 3.10. ⇤

To finish, we establish the phase localized version of Lemma 3.6, which is not covered by Lemma 3.10.
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Lemma 3.12. Let 0 < T Æ 1. Then

ÎˆxI(�jf)Î
LŒ

x L2
T
. Î�jfÎ

L1
xL2

T
, (43)

ÎI(�jf)Î
LŒ

x L2
T
. 2≠j

Î�jfÎ
L1

xL2
T

. (44)

Proof. The estimate (43) follows from Lemma 3.6 with �jf in place of f . The estimate (44) follows from
the fact that 0 /œ supp ‚�j joint with (43) and Lemma 2.2. ⇤

Combining the previous estimates we conclude the following result.

Proposition 3.13. Let 0 < T Æ 1. Then

ÎU(t)u0ÎXT
. Îu0Î

B

1
2 ,1
2

. (45)

Proof. We note that ( 1
2 , Œ, 2) is 1-admissible and (0, 4, 4) is 2-admissible. Then the inequality (45) follows

from the fact that {U(t)} is a L
2-unitary group, combined with Lemma 3.7 for (–, p, q) = ( 1

2 , Œ, 2) and
(–, p, q) = (0, 4, 4), Lemmas 3.8 and 3.9. ⇤

4. Nonlinear estimates and proof of Theorem 1.1

To study the IVP (1) we use its integral equivalent formulation (10). Without loss of generality, we are
going to consider – = — = “ = 1 and then write

u(t) = U(t)u0 + I(2uP+ˆx(|u|
2) ≠ ikuLh(|u|

2) + i|u|
2
u), (46)

where the operator I was defined in (29). Furthermore, we shall split I = I(2uP+ˆx(|u|
2) ≠ ikuLh(|u|

2) +
i|u|

2
u) as

I = I1 + I2, where I1 = I(2uP+ˆx(|u|
2) ≠ ikuLh(|u|

2)) and I2 = I(i|u|
2
u).

4.1. Nonlinear estimates

We consider estimates for the integral equation (46) in the functional space defined in (27).
Let P denote one of the following operators: P+ or H ≠ Th. Taking f = u and g = Pˆx(|u|

2) in (16) and
in (18), we can write

uPˆx(|u|
2) = S0uS0Pˆx(|u|

2) +
ÿ

rØ0

1
�r+1uSrPˆx(|u|

2) + �r+1Pˆx(|u|
2)Sr+1u

2
, (47)

�j(uPˆx(|u|
2)) =�j(S0uS0Pˆx(|u|

2))

+ �j

ÿ

rØj

1
�r≠2uSr≠3Pˆx(|u|

2) + �r≠2Pˆx(|u|
2)Sr≠2u

2
, (48)

respectively. Using again (16) and (18) with f = u and g = ū, we can write

|u|
2 = |S0u|

2 +
ÿ

rØ0
(�r+1uSrū + �r+1ūSr+1u) , (49)

�j(|u|
2) = �j(|S0u|

2) + �j

ÿ

rØj

(�r≠2uSr≠3ū + �r≠2ūSr≠2u) . (50)

Now we are ready to estimate ÎIÎXT
.
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Lemma 4.1. Let 0 < T Æ 1. Then

N1(I) .TN1(u)3 + T
3
4 N1(u)2

N4(u) + T
1
2 N1(u)N2(u)N3(u) + T

13
40 N1(u)N3(u)N4(u)

+ T
1

40 N2(u) 1
5 N3(u)N4(u) 9

5 + N3(u)2
N2(u).

Proof. From Lemma 3.8 we have

ÎU(t)S0u0Î
L

4
x,T

. T
1
4 ÎS0u0Î

L2 , (51)

and then by Lemma 3.4 with „ = S0u0, f = S0(uPˆx(|u|
2)), –2 = 0, p2 = q2 = 4 and r2 = 1

4 , we get

ÎS0I1Î
L

Œ
T

L
2
x
. T

1
4 ÎS0(uPˆx(|u|

2))Î
L

4
3
x,T

. (52)

Using that S0 and P are bounded from L

4
3
x,T

to itself (see Lemma 3.1 in [17]), and then Hölder inequality,
Sobolev embedding and Littlewood-Paley decomposition, we infer that

T
1
4 ÎS0(uPˆx(|u|

2))Î
L

4
3
x,T

. T
1
4 ÎuÎ

L
4
x,T

ÎūˆxuÎ
L

2
x,T

. T
1
2 N1(u)N2(u)N3(u). (53)

From Minkowski inequalities and the boundedness of S0 in L
2
x
, we have

ÎS0I2Î
L

Œ
T

L
2
x
. TÎS0(|u|

2
u)Î

L
Œ
T

L
2
x
. TÎ|u|

2
uÎ

L
Œ
T

L
2
x
.

Now from Lemma 2.4, we get

TÎ|u|
2
uÎ

L
Œ
T

L
2
x
. TÎuÎ

3
L

Œ
T

L
6
x
. TÎuÎ

3

L
Œ
T

B

1
2 ,1
2

. TN1(u)3
,

and then we have
ÎS0I2Î

L
Œ
T

L
2
x
. TN1(u)3

. (54)

Therefore, by (52), (53) and (54) we get the estimate

ÎS0IÎ
L

Œ
T

L
2
x
. TN1(u)3 + T

1
2 N1(u)N2(u)N3(u). (55)

We are now going to estimate
q

jØ1 2
j
2 Î�jI1Î

L
Œ
T

L
2
x
. Using identities (47) and (48), we deduce that

ÿ

jØ1
2

j
2 Î�jI1Î

L
Œ
T

L
2
x
.

ÿ

jØ1
2

j
2 Î�j

⁄
t

0
U(t ≠ s)S0uS0Pˆx(|u|

2)dsÎ
L

Œ
T

L
2
x

+
ÿ

jØ1
2

j
2 Î�j

⁄
t

0
U(t ≠ s)

ÿ

rØj

�r≠2uSr≠3Pˆx(|u|
2)dsÎ

L
Œ
T

L
2
x

+
ÿ

jØ1
2

j
2 Î�j

⁄
t

0
U(t ≠ s)

ÿ

rØj

Sr≠2u�r≠2Pˆx(|u|
2)dsÎ

L
Œ
T

L
2
x

:=
3ÿ

m=1

ÿ

jØ1
2

j
2 Î�jI1,mÎ

L
Œ
T

L
2
x
. (56)

Since S0Pˆx is bounded in L
2, we get from (17) and Sobolev embedding the estimate

ÿ

jØ1
2

j
2 Î�jI1,1Î

L
Œ
T

L
2
x
. TÎS0uS0Pˆx(|u|

2)Î
L

Œ
T

L
2
x
. TN1(u)3

. (57)
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In order to treat
q

jØ1 2
j
2 Î�jI1,2Î

L
Œ
T

L
2
x
, we first use commutators to write

�r≠2uSr≠3Pˆx(|u|
2) = ≠�r≠2uD

1
2
x Sr≠3P ÂD

1
2
x (|u|

2) (58)

= [D
1
2
x ,�r≠2u]Sr≠3P ÂD

1
2
x (|u|

2) ≠ D

1
2
x (�r≠2uSr≠3P ÂD

1
2
x (|u|

2)).

Since ( 2
5 , 20,

20
9 ) is 2ú-admissible, we have from Lemma 3.7 that

ÎU(t)�ju0Î
L

20
x L

20
9

T

. T
1

40 2≠ 2
5 j

Î�ju0Î
L2 . (59)

Then using Lemma 3.10 with (–2, p2, q2) = ( 2
5 , 20,

20
9 ), Lemma 2.3 (with — = 0 and – = 1

2 ), identity (58)
and the Hölder inequality, we deduce that

ÿ

jØ1
2

j
2 Î�jI1,2Î

L
Œ
T

L
2
x
.T

1
40

ÿ

jØ1
2

j
10

ÿ

rØj

Î�r≠2uSr≠3Pˆx(|u|
2)Î

L

20
19
x L

20
11
T

.T
1

40
ÿ

jØ1
2

j
10

ÿ

rØj

Î[D1/2
x

,�r≠2u]Sr≠3P ÂD
1
2
x (|u|

2)Î
L

20
19
x L

20
11
T

+ T
1

40
ÿ

jØ1
2

j
2 · 2

j
10

ÿ

rØj

Î�r≠2uSr≠3P ÂD
1
2
x (|u|

2)Î
L

20
19
x L

20
11
T

.T
1

40
ÿ

rØ1
2 r

10 · 2 r
2 ÎSr≠3P ÂD

1
2
x (|u|

2)Î
L

4
3
x L

4
T

Î�r≠2uÎ
L

5
xL

10
3

T

.T
1

40 ÎD
1/2
x

uÎ
L

4
x,T

ÎuÎ
L

2
xL

Œ
T

ÿ

rØ1
2 3r

5 Î�ruÎ
L

5
xL

10
3

T

. (60)

It remains to estimate
q

rØ1 2 3r
5 Î�ruÎ

L
5
xL

10
3

T

in (60). Given 0 Æ ◊ Æ 1, we have by interpolation that

ÿ

rØ1
2

1+◊
2 r

Î�ruÎ

L

4
1≠◊
x L

4
1+◊
T

.
ÿ

rØ1

1
2 r

2 Î�ruÎ
L

4
x,T

21≠◊ 1
2r

Î�ruÎ
L

Œ
x L

2
T

2◊

.
3ÿ

rØ1
2 r

2 Î�ruÎ
L

4
x,T

41≠◊3ÿ

rØ1
2r

Î�ruÎ
L

Œ
x L

2
T

4◊

. (61)

Then choosing ◊ = 1
5 in (61) we obtain

ÿ

rØ1
2 3r

5 Î�ruÎ
L

5
xL

10
3

T

.
3ÿ

rØ1
2 r

2 Î�ruÎ
L

4
x,T

4 4
5
3ÿ

rØ1
2r

Î�ruÎ
L

Œ
x L

2
T

4 1
5
. (62)

Therefore, from (60) and (62) we get
ÿ

jØ1
2

j
2 Î�jI1,2Î

L
Œ
T

L
2
x
. T

1
40 N2(u) 1

5 N4(u) 9
5 N3(u). (63)

Finally, we are going to estimate
q

jØ1 2
j
2 Î�jI1,3Î

L
Œ
T

L
2
x
. To do that we use again the commutator

estimate in Lemma 2.3. First we write

Sr≠2u�r≠2Pˆx(|u|
2) = ≠Sr≠2uD

1
2
x P ÂD

1
2
x �r≠2(|u|

2) (64)

= [D
1
2
x , Sr≠2u]P ÂD

1
2
x �r≠2(|u|

2) ≠ D

1
2
x (Sr≠2uP ÂD

1
2
x �r≠2(|u|

2)),
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and then,

ÿ

jØ1
2

j
2 Î�jI1,3Î

L
Œ
T

L
2
x
.

ÿ

jØ1
2

j
2 Î�j

⁄
t

0
U(t ≠ s)

ÿ

rØj

[D
1
2
x , Sr≠2u]P ÂD

1
2
x �r≠2(|u|

2)dsÎ
L

Œ
T

L
2
x

+
ÿ

jØ1
2

j
2 Î�j

⁄
t

0
U(t ≠ s)

ÿ

rØj

D

1
2
x (Sr≠2uP ÂD

1
2
x �r≠2(|u|

2))dsÎ
L

Œ
T

L
2
x

:=
ÿ

jØ1
2

j
2 Î�jI1,3,1Î

L
Œ
T

L
2
x

+
ÿ

jØ1
2

j
2 Î�jI1,3,2Î

L
Œ
T

L
2
x
. (65)

To estimate the first term on the RHS of (65), we use Lemma 3.10 with (–2, p2, q2) = ( 2
5 , 20,

20
9 ),

Lemma 2.3 (with — = 0 and – = 1
2 ) and Hölder inequality to deduce that

ÿ

jØ1
2

j
2 Î�jI1,3,1Î

L
Œ
T

L
2
x
.T

1
40

ÿ

jØ1
2

j
10

ÿ

rØj

Î[D
1
2
x , Sr≠2u]P ÂD

1
2
x �r≠2(|u|

2)Î
L

20
19
x L

20
11
T

.T
1

40
ÿ

rØ0
2 r

10 ÎD
1/2
x

Sr≠2uÎ
L

4
x,T

ÎP ÂD
1
2
x �r≠2(|u|

2)Î
L

10
7

x L

10
3

T

.T
1

40 N4(u)
ÿ

rØ1
2 r

10 ÎD

1
2
x �r(|u|

2)Î
L

10
7

x L

10
3

T

. (66)

Using decompositions (49) and (50), properties of Sr and estimate (62), we find

ÿ

rØ1
2 r

10 ÎD

1
2
x �r(|u|

2)Î
L

10
7

x L

10
3

T

.
ÿ

rØ0
2 r

10 · 2 r
2

;
Î�r(|S0u|

2)Î
L

10
7

x L

10
3

T

+ Î�r(
ÿ

lØr

�luSlū)Î
L

10
7

x L

10
3

T

<

.ÎS0uÎ
L

2
xL

10
T

ÎS0uÎ
L

5
x,T

+
ÿ

lØ1
2 3l

5 Î�luÎ
L

5
xL

10
3

T

ÎSluÎ
L

2
xL

Œ
T

.T
3

10 ÎS0uÎ
L

2
xL

Œ
T

ÎS0uÎ
L

Œ
T

L
5
x

+
ÿ

lØ1
2 3l

5 Î�luÎ
L

5
xL

10
3

T

ÎSluÎ
L

2
xL

Œ
T

.T
3

10 N1(u)N3(u) + N3(u)N2(u) 1
5 N4(u) 4

5 ,

and therefore, by (66) we have
ÿ

jØ1
2

j
2 Î�jI1,3,1Î

L
Œ
T

L
2
x
. T

13
40 N1(u)N3(u)N4(u) + T

1
40 N3(u)N2(u) 1

5 N4(u) 9
5 . (67)

To treat the second term on the RHS of (65), we use Lemma 2.2, Corollary 3.11, and the boundedness of
Sr≠2 in L

Œ
T

L
2
x

to get
ÿ

jØ1
2

j
2 Î�jI1,3,2Î

L
Œ
T

L
2
x
.

ÿ

jØ1
2

j
2

ÿ

rØj

ÎSr≠2uP ÂD
1
2
x �r≠2(|u|

2)Î
L

1
xL

2
T

.
ÿ

rØ0
2 r

2 ÎSr≠2uÎ
L

2
xL

Œ
T

ÎP ÂD
1
2
x �r≠2(|u|

2)Î
L

2
x,T

.N3(u)
ÿ

rØ1
2r

Î�r(|u|
2)Î

L
2
x,T

. N2(u)N3(u)2
. (68)

Therefore, from (67) and (68) we obtain
ÿ

jØ1
2

j
2 Î�jI1,3Î

L
Œ
T

L
2
x
. T

13
40 N1(u)N3(u)N4(u) + T

1
40 N2(u) 1

5 N3(u)N4(u) 9
5 + N2(u)N3(u)2

. (69)
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Finally, we analyse
q

jØ1 2
j
2 Î�jI2Î

L
Œ
T

L
2
x
. First of all we use Minkowski inequality, the boundedness of

the group U(t) and Cauchy–Schwarz inequality to get
ÿ

jØ1
2

j
2 Î�jI2Î

L
Œ
T

L
2
x
. T

1
2

ÿ

jØ1
2

j
2 Î�j(|u|

2
u)Î

L
2
x,T

. (70)

Using (16) and (18) with f = u and g = |u|
2 and the boundedness of �j we have

ÿ

jØ1
2

j
2 Î�j(|u|

2
u)Î

L
2
x,T

.ÎS0uS0(|u|
2)Î

L
2
x,T

+
ÿ

jØ1

ÿ

rØj

2
j
2 Î�r≠2uSr≠2(|u|

2)Î
L

2
x,T

+
ÿ

jØ1

ÿ

rØj

2
j
2 Î�r≠2(|u|

2)Sr≠3uÎ
L

2
x,T

=: I2,1 + I2,2 + I2,3.

In order to estimate I2,1 + I2,2 we use Holder inequality, Sobolev embedding and (20) to get

I2,1 + I2,2 Æ Î|u|
2
Î

L
4
x,T

ÎS0uÎ
L

4
x,T

+
ÿ

jØ1

ÿ

rØj

2
j
2 Î�r≠2uÎ

L
4
x,T

ÎSr≠2(|u|
2)Î

L
4
x,T

. T
1
4 ÎuÎ

2
L

Œ
T

L
8
x
N4(u) + T

1
4 ÎuÎ

2
L

Œ
T

L
8
x

ÿ

rØ0
2 r

2 Î�ruÎ
L

4
x,T

. T
1
4 N1(u)2

N4(u). (71)

Next, we estimate I2,3. We use once again Holder inequality, Sobolev embedding and (20) to find

I2,3 . T
1
6 ÎuÎ

L
Œ
T

L
8
x

ÿ

rØ0
2 r

2 Î�r(|u|
2)Î

L
3
x,T

. T
1
6 N1(u)

ÿ

rØ0
2 r

2 Î�r(|u|
2)Î

L
3
x,T

.

Now using (16) and (18) with f = u and g = ū, Holder inequality and Sobolev embedding we get

I2,3 . T
1
6 N1(u)

ÿ

rØ0
2 r

2 Î�r(|u|
2)Î

L
3
x,T

. T
1
6 N1(u)

)
ÎS0uÎ

L
12
x,T

ÎS0uÎ
L

4
x,T

+ ÎūÎ
L

12
x,T

ÿ

rØ0
2 r

2 Î�ruÎ
L

4
x,T

*

. T
1
4 N1(u)2

N4(u). (72)

From (70), (71) and (72) we conclude that
ÿ

jØ1
2

j
2 Î�jI2Î

L
Œ
T

L
2
x
. T

3
4 N1(u)2

N4(u). (73)

Gathering estimates (55), (57), (63), (67), (69), (73), we arrive to the result. ⇤

In the next proposition we estimate the remaining norms.

Proposition 4.2. Let 0 < T Æ 1. Then

Nm (I) .TN1(u)3 + T
3
4 N1(u)2

N4(u) + T
1
2 N1(u)N2(u)N3(u) + T

13
40 N1(u)N3(u)N4(u) (74)

+ T
1

40 N2(u) 1
5 N3(u)N4(u) 9

5 + N3(u)2
N2(u),

for m = 1, 2, 3, 4.
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Proof. The estimate for N1(I) is in Lemma 4.1.
Given (p, q) œ { (Œ, 2), (2, Œ), (4, 4) } we have from Lemmas 3.3 and 3.8 that

ÎU(t)S0u0Î
L

p
xL

q
T
. T

1
q ÎS0u0Î

L2 . (75)

Then by Lemma 3.4 with (p1, q1) = (p, q) and (p2, q2) = (4, 4) we get

ÎS0I1Î
L

p
xL

q
T
. T

1
q ÎS0(uPˆx(|u|

2))Î
L

4
3
x,T

. (76)

Therefore by (53) we find
ÎS0I1Î

L
p
xL

q
T
. T

1
2 N1(u)N2(u)N3(u). (77)

Let us now estimate
q

jØ1 2
2j
q Î�jI1Î

L
p
xL

q
T

, for (p, q) œ { (Œ, 2), (2, Œ), (4, 4) }. As we did in (56), using
(47) and (48) we write

ÿ
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2

2j
q Î�jI1Î

L
p
xL

q
T
.

ÿ
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2)dsÎ
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p
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+
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q Î�j
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t

0
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ÿ
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+
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T
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3ÿ

m=1

ÿ
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q Î�jI1,mÎ

L
p
xL

q
T

. (78)

From Lemmas 3.7 and 3.9 we infer

ÎU(t)�ju0Î
L

p
xL

q
T
. 2

j
2 Î�ju0Î

L2 , (79)

ÎU(t)�ju0Î
L

4
x,T

. T
1
4 Î�ju0Î

L2 . (80)

Then from Lemma 3.10, remark in (17) and the boundedness of S0Pˆx in L
4
3 we deduce that

ÿ
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2
q j
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L

p
xL
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. T

1
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2
x
. TN1(u)3

. (81)

Employing Lemmas 3.7 and 3.9 and choosing (–2, p2, q2) = ( 2
5 , 20,

20
9 ) in Lemma 3.10 (by a similar

argument as in (59)) we find
ÿ
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L
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40

ÿ
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x L
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T

. (82)

Therefore, combining the above estimate with (60) and (62) we conclude that
ÿ
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T
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5
xL
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1

40 N2(u) 1
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In order to estimate
q

jØ1 2
2j
q Î�jI1,3Î

L
p
xL

q
T

, we first split it as in (65):
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+
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t

0
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ÿ
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2))dsÎ
L

p
xL

q
T

:=
ÿ

jØ1
2

2j
q Î�jI1,3,1Î

L
p
xL

q
T

+
ÿ

jØ1
2

2j
q Î�jI1,3,2Î

L
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q
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. (84)

From Lemmas 3.7 and 3.9 combined with Lemma 3.10 with (–2, p2, q2) = ( 2
5 , 20,

20
9 ) (see estimate (59)),

we deduce that
ÿ
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x L
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T

. (85)

The expression on the RHS of (85) was already treated in (66)–(67). Therefore
ÿ
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p
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q
T
. T

13
40 N1(u)N3(u)N4(u) + T

1
40 N3(u)N2(u) 1
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To finish, using Lemmas 2.2, 3.12 (with (p, q) = (Œ, 2)), Lemma 3.10 (with (p, q) = (2, Œ) or (p, q) =
(4, 4)) and the boundedness of Sr≠2 in L

p

x
L

q

T
, we get
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And then, from the estimate in (68) we see that
ÿ

jØ1
2

2j
q Î�jI1,3,2Î

L
p
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q
T
. N2(u)N3(u)2

. (88)

From the above estimate and (86) we deduce that
ÿ
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2
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q Î�jI1,3Î
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p
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q
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As in (73), a straightforward calculation shows that

Nm(I2) . T
3
4 N1(u)2

N4(u), m = 2, 3, 4. (90)

Thus the proposition is proven. ⇤

4.2. Proof of Theorem 1.1

The goal is to establish local well-posedness for the Cauchy problem associated with (1) in the Besov
space B

1
2 ,1
2 (R).

Given u0 in B

1
2 ,1
2 (R), we look for a (unique) solution in the space XT (0 < T Æ 1) defined in (27). Let

�(u)(t) = U(t)u0 + I,
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where I is defined in the RHS of (46). Hence, by gathering Propositions 3.13 and 4.2 we see that

Î�(u)ÎXT
.Îu0Î
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4 N1(u)2
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5 + N3(u)2

N2(u),

and thus, since 0 < T Æ 1 we get,
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Consider ” = (4C)≠ 3
2 and u0 œ B

1
2 ,1
2 (R) satisfying Îu0Î

B

1
2 ,1
2

Æ ”. Choosing a = 4CÎu0Î
B

1
2 ,1
2

, we have

from (91) that
Î�(u)ÎXT

Æ
a

4 + Ca
3

Æ a,

for all u œ X
a

T
. That gives us �(Xa

T
) ™ X

a

T
.

An analogous approach leads to the estimate

Î�(u) ≠ �(v)ÎXT
Æ C(ÎuÎ

2
XT

+ ÎvÎ
2
XT

)Îu ≠ vÎXT
.

Therefore,
Î�(u) ≠ �(v)ÎXT

Æ
1
2Îu ≠ vÎXT

,

for all u, v œ X
a

T
. The remainder of the proof follows from a standard argument.
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